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Abstract

This work introduces the quantum analogue of the dual Simpson type integral inequalities for the class of g-differentiable
convex functions through a new identity. The results are also accompanied by their applications.
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1 Introduction

The dual Simpson’s formula, as indicated in [§], is a well-known inequality in scientific literature and can be
expressed as follows:

b
b—a)*
o 7 du =} (27 (252) - £ (442) 27 (=52))| < T2 7] (1)
a
where f is a function that is four-times continuously differentiable on the interval (a,b), and Hf("‘) HOO = sup ’f(4) (x)’
z€(a,b)

Convexity is well known to have a vital and central role in numerous domains, including economics, fnance,
optimization, and engineering. This concept has a strong relationship to inequalities and the combination of the two
has become a widely researched topic. It is worth noting that a function is considered convex on [ if it meets the
following inequality:

f e+ (1= 32)y) < f (@) + (1= ) f(y)

for all ¢ € [0,1], z,y € I (see [IT]).

Quantum calculus, commonly referred to as calculus without limits, is a calculus theory in which regularity is not
essential. In [9], Jackson presented the foundations of this theory as well as its entire mathematical presentation,
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introducing the g-integral and g-derivative in a systematic manner. According to certain mathematical historians,
its origins date back to Euler and Jacobi. This theory is highly intriguing and has a wide range of applications in
various branches of mathematics and physics. Following the publication of the Tariboon and Ntouyas studies [21] [22],
quantum calculus gained unquestioned popularity in the subject of integral inequalities, with several novel inequalities
and quantum analogues appearing in the literature, see [T} (2, [3} [4} (5] [6], [7, [T}, 121, 13} 141 15, (16, 18], 20} 23} 24] Inspired by
ongoing advancements in this constantly evolving field, this paper introduces some quantum dual Simpson-type integral
inequalities for functions with convex g-derivatives, which are derived from a novel quantum identity. Applications of
our results are given.

2 Preliminaries

Definition 2.1 ([10], 22]). Consider a continuous function ¢ : J = [a,b] — R. The definition of the g-derivative of
p at u € J is as follows:
p ) —plqut(1-q)a)

aDqQO (u) = (1 — q) (u _ a) s

u # a,

and
aDgp (a) = i{g aDgp (u) .

Definition 2.2 ([10} 22]). Consider a continuous function ¢ : J = [a,b] — R. The definition of the ¢-integral over
the interval J is as follows:

u

[o09 atox= (1= =) Ya"e@"u+ (1= ")), e

a n=0

Additionally, if ¢ € (a,u), the definite ¢g-integral over the interval J is defined as:

7@ (50) adg = 7%0 (50) adgs— 7@ (50) adg>.

Theorem 2.3 ([21]). If ¢ : J — R is a continuous function, then it holds that:

¢ (5) adg = ¢ (u).

°
i~}
-]
=)
Q~—=g

Theorem 2.4 ([21]). Assuming ¢ and ¢ : J — R are continuous functions, and v € R, it follows that for u € J:

u

[0 (56) + 0 (2)] adgre = [0 (30) addgre+ [ (50) adgr,

a

Q~—c

Q—z

(1) (5) adyse = V]9 (%) adyss

b 7@ (%) aDqt) () adge = ¢ (5) 9 (%)r; - fw (g + (1 —q)a) aDqp () adgr, c€ (a,u).

(&

Lemma 2.5 ([22]). For p € R with p # —1, it can be shown that the following formula holds:
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Lemma 2.6 ([19]). Let ¢ and @ be continuous functions defined on the interval [a,b], then for 0 < ¢ < 1, the

following equality holds true:

/w Dyip (b + (1= 5) @) odgse =t () ¢ (cb+ (1 — ) a) — 1 (0) 2 (0)

3 Auxiliary results

To demonstrate our findings, it is necessary to consider the following auxiliary results.

Lemma 3.1. Let f : I = [a,b] — R be a function that is ¢-differentiable on interval I. Under the assumption that

aDqf is integrable on I and that 0 < ¢ < 1, it follows that

<2f <3a—|—b> f<a—2|—b> Qf(a—i—?)b)) _bia7f(%) aly 3

1 1

=(b—a) /q% oDy f (1= 32) a + »b) odq%+/(q%_§> aDqf (1= 3)a+ 5b) odgr
0 %

2 1

+f (C,%_ ;) Daf (L= 2)at ) odyse [ (= 1) uDuf (1= 2)a+ ) odys

S
N

Proof . Using Lemma we have

1
1

4(b—a
0

/q%aqu((l—%)a+%b) odgsx = a )f<3a+b> —bga/f((l—q%)qu%b) odg.
0

In an analogous manner, we get

1

[ (=3 aDur (@ =)0t o) o

(q% - §> WDof (1= ) a+ xb) odgs — / (q% - ) WDof (1= ) at xb) odgie

0

O\m\»ﬂ IS

3¢—4 (a+b 2 q
:6(ba)f< 5 )+3(ba)f(a)_ba/f (1 —gse) a+ gsb) odgs
0

3¢—8 ,(3a+b 2 g 1
_12(ba)f< 4 >_3(ba)f(a)+w/f((1—q%)a+qzb) odg,
0

3

[ (= 3) oDuf (@ =)0t o) o

1
2

(3.1)
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[S[)

o — —

[l

0

1) WD (1= ) a+ xb) odgs — / (q%—) JDyf (1
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) a+ b)) odgs

9¢ — 4 a+ 3b 1
=12(ba)f< - >+3(ba)f(a)—ba/f (1 - g)a+ gsb) odg
0
_ Giiii)f (a—;b> - 3(b17 a)f(a)+%a/f((1_q%)a+q%b) odg5 (3.3)
0
and
/(q%— 1) oDgf ((1 = 32) a+ 5b) odgs
;‘ %
/(q%—l) oDgf (1 — 5)a+ 3b) Odq%—/(q%—l) aDgf (1 — 32) a + 5b) odgse
0 0
L f )+ o @) = 5 [T e at gb) odye
0
T (“*f”) e f @ i [ - ek ) odys (3.4)
0
According to Definition [2:2] we have
bga/f((l—q%)a—l—q%b) odq%:ﬁ ((1_q) anf ("o + (1—q¢") a))
0 n=0
n=0
:bia —q) <Zq"f(qnb+(1qn)a)f(b)>
n=0
= ) Y@+ (- g )~ )
n=0
1 = n n n 1_(]
“6_af ((1—q)(b—a)zq fg"o+(1—¢ )a)> 5=,
b
(17—1)2 (/f(u) dqu) _ ll):Zf(b). (3.5)

The desired result is produced by summing (3.1)-(3.4)), using (3.5)) and then multiplying the obtained equality by

(b—a). O

The following lemmas can be shown by simple calculations, so we have omitted

Lemma 3.2. The following equalities hold for a constant ¢ such that 0 < ¢ < 1.
1
4
/ q
0

dowe=—31
0% =160 1 q)

them.
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4

64 (1+q+¢?)
0

1

4

3q+3¢° + 4¢3

1— dys = ,
/q”( ) o = ) L4+ )
0

1

2

/ 2
L2
=3

1
1

—4q

d - - @
Oq% 48(1+q)5

S

/'W‘z‘”odm Statq
3 a 64 (1+q) (1+q+q¢?)’

4

(NI

8 + 25q + 25¢% — 4¢°

2
/’q%—3‘(1—%> odgs =

1
4
3 4-11q . 4
1 1 4§§1_E%)1f0<q<§
_ _ —28+57q i 4 2
D, = / ‘q%— 3 odg# = Tiagieq 15 <¢<3
—4411q
3 18(1+q)

20—37q—37¢>
192(1+q)(14+g+q?

1728(1+q)(1+9+4?)
—20+37q+374> if 2
192(1+q)(1+g9+q?)

—4+9¢+9¢°% — 444>
192(1+4q)(1+q+4q?)

1728(1+4)(1+4q+g?)
4—9q—9q¢°+44¢>
192(1+q)(1+q+q?)

4 —3q

1

1— — -4
J e o= 5
3
1

1
28 — 9¢q — 9¢°

/“‘q”)’”d‘”:64<1+q><1+q+q2>’

3

4

1

192(1+q) (1 +q+¢?)’

if 2<g<1,

2 . if0<qg<jp
D, :/‘q%— 3’%0dq%: —340+477q+477q if%SqS%
3

§<q<1,
if0<q<%

3
4
1 P
Dy :/’q%_ 3‘ (1= 5) odgs = 4-1959—195¢”+648¢° s¢ % <gq S%
1
2

if 2<q<1,

—12 + 13q + 13¢* — 1243

[ =250 odyoe =

3

4

64(1+¢q)(1+q+4q?)

q(1—qrt1)

5 1—g ((4*611)”“*(4*911)”+1
p 117 q(1—¢r¥T) azeet
— 4—6q)? 9q—4)P .
C= / ‘q% - g Odq% = q(liqg+1) <( %) (12;;(+;1 ) if % < q <
1 1—q ((9q—4)’)“—(6q—4)’)“) i

(12)P+!

if0<g<

win Ol

<g <1,
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(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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and for 0 < a < B < 1, we have

B
/1 odgx =0 —a,
B
_ﬂQ—OéQ
Jrome= g
and 5
_ B - (B+a)+4q)
/(1—%) odgr = Tra .

(0%

4 Main results

(3.19)

(3.20)

(3.21)

Theorem 4.1. Consider a function f : I = [a,b] — R that is g-differentiable on I and ,D,f is integrable on I with

0 < ¢ < 1. If the absolute value of ,D,f is convex, then it follows that:

b
1 1 3a+b a+b a+ 3b
10 w5 (o1 (M52) -1 (55 +21 (7))

s(b—a>((Dg+‘28”3q”3q2‘28q3)|aqu<a>|+(Dg+ 36— 7q — ¢’ ))|aqu<b>|)7

192(1+4¢q) (1 +q+q¢?) 64(1+q)(1+q+4q?

where Dy and D3 are defined by (3.13)) and ([3.14)) respectively.

Proof . By invoking Lemma the principles of modulus, and the convexity of |,Dgf|, we obtain:

b
1 1 3a+b a+b a+ 3b
s 160 w5 (20 (P0) -1 (50) 2 (FF))

<(b—a) /q%|aqu((1—%)a+%b)| odq%—l—/’q%—;
0

laDgf (1= 5)a+ 5b)| odgs

3

4
+/ !
L1
=3

1

2

(1 —g2)|aDgf (1 —32) a+ 5b)| odgse

laDgf (1 = 3) a+ »b)| odg> +

Mw\ N

1 1

4

<(b—a) | [@((1 =) [aDyf (@) +5[aDgf (D)]) odgs + [ g — 2 (L =39 [aDyf (@) + 5 |aDy f (D)) 0dgs
3

0

3

N / ‘q%_ ;‘ (1 = 59)[aDaf (@) + 5 |aDyf (B)]) odyse +

e

1

2
1 1
1

=(b—a) [ |aDqf (@)] [ a7 (1 =) odgz+ [aDyf (b)] [ a5 odgse
/ [

#1uDof @1 [ o= 301 = 20 e 1.0 0)]

2
qx — 3’%0%%

(1= q5) (1 = 50) [a Do f (a)| + 3¢ |a Do f (b)]) 0dgs
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3

1
1 1
1Dt @ [ o= 5|0 =) adype L Dug @) [ o= 30,

%
1
4 |aDyf (a /H]% (1= ) odygs+ |aDof )] [ (1= qs¢) ¢ odgse

Mw\ =N

1

—0-a) [ lbDyf @) | [ael1- Odq%+7‘q%— 3| (1= odi
0 1

3

1 1
1
—l—/‘q%—g‘(l—%) Odq%—i-/(l—q%)(l—%) odg
3
3 1

I

1

y 2 y 1
+ [oDqf (b)] /q%2 odq%+/‘q%—3‘%odq%+ /‘q%—3’%0dq%—|—/(1—q%)%odq%
0 1 1

4

(b—a)(< 84+ 3¢° +4q° 8+25¢ +25¢° — 4g® 12+13q+13q21243>| £ (o)
- 64(1+¢q)(1+q+q¢*) 192(14+q) (1 +q+¢?) 3 64(1+¢q)(1+q+¢ q
q 8+q+¢° 28 — 9q — 9¢2 ) )
T + + Do+ Do f (b
(64(1+q+q2) 64(1+q)(1+q+q?) 2T+ (1 +q+q®) laDg f (b)]

B —98 4 T3¢ + T3¢ — 28¢° 36 — 7q — 7¢2
o0 (P Tt aar) 0 O+ (Pt st g g ras) P O1)

The above results have been derived using equations (3.8) to (3.19). This concludes the proof. [

Corollary 4.2. Let ¢ —+ 17. Then Theorem gives

_a/f pau—g (20 (250) -1 (50) +2r (52)) | < 252 07 @i+ 15 0.

Theorem 4.3. Consider a function f : I = [a,b] — R that is g-differentiable on I and ,D,f is integrable on I with
0<g< 1 If| aqu\C is convex, with ( > 1 and % + % =1, then it follows that:

b
1 1 3a+b a+b a+ 3b
s 109 w5 (o1 (252) - 1 (%52) w2 (FF))

1-q \* ({1 3 1
<(b—a) <1—qp+1) <<4p+1 16(1+q) |aqu(a)|< + 6(1+4q) laDqg f (b)|<)

(8 —3g)"* — (869" "
+ ( (12)P+1

A=

v\_/

s 0% (Gt oDof @I+ gy bDuf 0 ) )

(4 _ 3q)P+1 _ (4 _ 4q)P+1 % 49 -3 ) 7 . %
+ ( 4p+1 (16 (1+q) |aqu (a)| + m |aqu (b)| ) ;

where C :ﬁw with C defined as in (3.18)
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Proof . By invoking Lemma the principles of modulus, Hélder’s inequality, and the convexity of |, Dy f \C, we get

i (), 1 (558) v (<52))

S(b—a) /(C]%)p Odq% /|a qf 1_ )a+%b)| Odq%

1

1
3
2p
+ /q%—f odgs /\qu (1—%)6H—%b)|< odg
1
I

=

=
N
Eal

+ / =3 odq /‘aqu((l_%)a‘F%b”{ odq

1
2

—
=
)

1
+ /(1fq%)p odg /|aqu((1f%)a+%b)\< odg

NS

<(b-a) ](w)p ody 7((1 = 3 aDaf (@ + 5¢[aDaf (1)) ody
0 0

=
=

1
2
+ /
1
4

2 odie | | [ (0=01aDsf @ +21uDuf B ads

o
=
Al

oy / (1= 59 1D @I + 51 Dof (D) odye

—
=
=

5) oDy f (@)|° + 5 aDof (0)|°) ody>

=

=

1
[ (-

<(b—a) {(q%)p odg» ([ (1= 30) odgo|aDyof (a)|* + {% ody oDy f (b)|°
It

(1— ) odys|aDyf (a >\<+/% ody5¢|aDyf (b)[¢

i
3
4 1p C
+ /q%—g odgs /1—% 0dg oDy f (a)]> +
3

=
A=

4 Odq%laqu (b)lc

= \Mw
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Q pson type ineq

1 P 1 1 ¢

+ /(1 — q)? odgr / (1 —50) odgs|aDyf (a )|C + /% odg|aDyf (b)|C

3
1

o0 (k) (Qwﬂ) (ot Daf @+ o Da O

(8 — 3¢)"T! — (8 — 6g)P " 1+ 4q X 3 O\ ¢
D — 2 _|.D.f(b
+< o (St Dl @ + 35y o Dad )

% 4(]—1 ¢ 5 ¢ %
s 0 (Gt oDof @I+ Ty oDaf 0 ))

439 — (4— g\ " [ g3 7 ¢
_%C 9) @J %) ) (ma+®umfwf+mu+®hDJ®W))7

where C :ﬁ)/% and we have used

e

=

-

1

4

1—g¢q
p —
{(W) 0l = G (= )

odq% =

l—q (B=39"" —(8-69"""
q(1—g ) (12)P+! ’

1

2 217
=
1

4

1
1—¢q (4-3¢)""" — (449"

3

4

and (3.8])-(3.21]). This concludes the proof. [J

Corollary 4.4. Let ¢ — 17. Then Theorem gives

b_lcjf(“)d“_;,(zf(%:b) _f<a—2|-b>—|-2f (azsz;))

b <7Wum“ﬂfww>}+(U%@F+ﬂf®ﬁ>}
T16(1+p) 8 s

- (e <5U%®F+3U%®F>é+<3f%®<+5f%®<>é
3p+1 8 8

Furthermore, by invoking the discrete power mean inequality, we deduce:

e (o (2570) -5 (45 (52))
e (B ()) (s W)z

Theorem 4.5. Given a function f : I = [a,b] — R that is ¢-differentiable on I and with an integrable ,D,f for
0 < g < 1, if the convexity of |aqu|C is satisfied for ¢ > 1, then we have:
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b
1 1 3a+b a+b a+3b
10 w5 (o1 (M52) -1 (55 +21 (7))

q e 3¢ +3¢* + 4¢° ¢ q %
== <<16<1+q>) (S0 g (g ) o Pof @F + Gy oDef )

( 8—4q )1‘5< 8+ 25¢ + 25¢° — g
48(1+q) 192(1+¢q) (1 +q+¢?)

1

8+q+¢? <
4tq |aqu<b><>

64(1+¢q)(1+q+q?)

oDy f (@) +

+ (D) (Ds1aDyf (@I + D2luDyf 1)) °

1

4-3¢ \'°¢ <12+13q+13q2 — 1243 ) 28 — 9q — 9¢° <><
'\ aD + aD b ,
(vrv)  (Comannrare 0 @ Gy ir g Dol O)

.

where Dy, Dy and D3 are given by (3.12), (3.13)) and (3.14) respectively.

Proof . By invoking Lemma the principles of modulus, the convexity of |, D, f |C7 and power mean inequality, we
get

b
1 1 3a+b a+b a+3b
10 w5 (o1 (M52) -1 (55 +21 (7))

1—

<

q|aDgf (1 —3)a+ %b)\C oy

AN
=
I
&
O\M»—‘
L)
N
o
QU
<
N
=

A=
A=

1 1
2 9 2 9 ¢
+ qx — 3 o0dq qrx — 3 laDgf (1 = 5) a4 5D)[> odg2
1 i
3 1-¢ 3 3
1 1 ¢
b | [ o= 1] oo = 2 1Duf (1= )0t ) oy
1 -t 1 ‘
+ /(1 —qx) odgr /(1 — 5) [a Do f (1= 30) a+ 3b)[* odgse
3 3
1 4
% 1—1 % %
<o | | [oradie| | [or (000Dt @ + 21Dt O o
0 0
! e %
) 2
+ / 9% = 3| 0dg / 4= 3’ ((1 = 29) o Daf (0)|° + 5 aDy f (b)|§) 0dq3t
1 i
% e ‘
1 1 ¢ <
+ 9% =3 oy =3 ((1 = 3) o Do f (a)|> + 3 [a Dy f ()] ) 0dg>
1
2
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1— <

1
1 <

sl e dpe] | 009 (0201Dsf @F 42 1uDuf BF) adus

4

wloo

: i ; ; ¢
—0-a) | | forodpe| | 1Duf @ [ax(=0) odyet Dt O [a adye
0 0 0
3 e 3 1 3
2 ¢ 2 ¢ 2
b oo 2] v | [ 1aDaf @I [ o= 2] (0= ) odyse+1Dof O [ |ae— 2 | ode
I I I
e i i ¢
1 ¢ 1 ¢ 1
b e 5] oo | {1aDaf @I [ Jase— 5] (=) odyset1Duf O [ g~ 5| ode
) 1-1 . . ¢
| [a-a0 dys Daf @ [ (1= 02) (1= odyse + 1Dy O [ (1 @) ¢ iy

3
1

e

1-¢ 2 3 3
=<b—a><(16(q)) (64(3“3“‘” aqu<a>|<+anqf<b>|<)

1+gq 14+q)(1+q+¢?) 64 (1+q+q?)

1

1

8—gq 1<<8+25q+25q2—4q3 ¢ 8+q+q? <><
+ [ —— oD + oD b
(48<1+q>> 200+ Dt aaT g v Pl O

+ (D) ¢ (D3 1Dy (@) +DalaDyf (1))

4-3¢ \'7t /—12+413¢ +13¢% — 126 ) 98 — 9q — 9g° 4) 1
T\Tea o oD, + oD b ,
(16(1+Q)> ( 64(1+(J)(1+q+q2) | qf(a)‘ 64(1+Q)(1+q+q2)| qf()|

-

where we have used (3.6)-(3.17). This concludes the proof. O

Corollary 4.6. Let ¢ — 17. Then Theoremgives
b
oo (o (=) (55 o (457)
(51 @+ 1O\ (1 @F + 51 o) ¢
<(b—a)(32(< 5 ) +< 5
LT (<9|f’ (@) +51f <b>|<>< X (w @I +917 <b>|<><>)
96 14 14 ’

Furthermore, by invoking the discrete power mean inequality, we deduce:

b_la/bf(u)du 3 (2 () -1 (950) v (“Z?’b))‘ <30-a (If’(a)(‘;lf’ <b>|<>é.
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5 Applications

The dual Simpson quadrature rule

Consider the quadrature formula that utilizes the partition Y of points a = ug < u; < ... < u, = b in the interval
[a,b],

b
/f(U)du=A(f7T)+R(f7T),

where

e o () (5 (25

=0

and R (f,Y) represents the associated error.

Proposition 5.1. Consider a differentiable function f : [a,b] — R, with 0 < a < b and f’ € L![a,b]. If for ¢ > 1,,
|#/|° is convex, then we have

n—1 , ¢ , ¢ %
IR(f,7)| < 25(ui+;4— ;) <|f (us)|* + | f (wigr)] >
1=0

2

Proof . By using Corollary on the subintervals [u;, u;11] of the partition Y, (i =0,1,...,n — 1), we get

Uiqt+1

1 1 Ju; + Uig1 Ui + Ui U; + Uit

i

i — ) (1 @)l + 1 (i) )
- 24 2

Multiplying the above inequality by (u;+1 — u;), summing the inequalities for ¢« = 0, 1,...,n — 1 and then using the
triangular inequality, we achieve the intended outcome. [J

Application to special means
Consider the following means for arbitrary real numbers a, b:
The Arithmetic mean: A (a,b) = 252,

1

)p, a,b>0,a #band p € Rv{0,—1}.

pptl_gptl

The p-Logarithmic mean: L, (a,b) = (m

Proposition 5.2. Let 2 < ¢ <1 and a,b € R (0 < a < b), then we have for n > 2
, 3(n+1)(1—gq) ., 3a+b\" [a+3b\"
’A v (a7b) + 17—Qn+1L,’i (a,b) —4A 1 s 1

<b—a (—24—|—64q+64q2—|—16q3 b — (q(b—a)+a)"
T 64 1+q)(A+q+¢?) (1-q)(b—a)
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Proof . The assumption arises from the application of Theorem to the function f (u) =" O
Proposition 5.3. Let 0 < ¢ < 5 and a,b € R (0 < a < b), then we have for n > 2
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Proposition 5.4. Let % <qg< % and a,b € R (0 < a < b), then we have for n > 2
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6 Conclusion

In this work, we established quantum dual Simpson type integral inequalities for the class of convex g-derivative
functions using a new identity. We also presented applications of the obtained results. The quantum integral inequal-
ities make a significant contribution to the understanding of quantum number theory, quantum information theory,
and quantum algorithm theory. The results presented in this paper can be used for future research in these fields.
This work also opens up new horizons for research in the area of quantum inequalities for other types of generalized
convexity.
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