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Abstract

The aim of this study is to investigate r-circulant matrices containing Mersenne and Fermat numbers with arithmetic
indices. We obtain the eigenvalues and determinants of these matrices implicitly. In addition, limits for matrix norms
and spectral norms of these matrices are obtained. Thus, the results for right and skew-right circulant matrices appear
immediately.
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1 Introduction

Circulant matrices are one of the special types of matrices that can be identified by their first row. In recent years,
special matrices had wide applications in coding theory, cryptography, signal processing, linear forecast, theory of
statistical designs, engineering simulations, etc. (for instance see [5] [7, 8l [@]). Due to its special structure and wide
application in various fields, it is becoming a more interesting subject among researchers.

Recently, many authors have investigated the algebraic properties of circulant and r-circulant matrices involving
a special integer sequence such as Fibonacci, Lucas, Pell integer sequences etc. In their studies, they obtained the
formula for the eigenvalues, the determinants, norms and bounds for the spectral norm of these matrices. For instance,
Solak[I5] obtained the norms for circulant matrices containing the Fibonacci and Lucas numbers. Zheng et al.[I9]
found the exact inverse of circulant matrices with Fermat and Mersenne numbers. For r-circulant matrices S.-Q., Shen
et al.[T4] obtained the bounds for the norms with Fibonacci and Lucas numbers and in [I3], they obtained the spectral
norms with k-Fibonacci and k-Lucas numbers. Some recent works in this direction can be seen in [111 17 1§].

Our aim is to investigate the r-circulant matrices containing two special number sequences, Mersenne and Fermat
sequences with arithmetic indices. Mersenne and Fermat sequences are Fibonacci-like sequences and can be obtained
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directly with the formulas 2" — 1 and 2™ + 1, respectively. In [2, 3, [6] 10, 12} 16] some studies on recent developments
in Mersenne and Mersenne-like sequences and their applications can be seen.

Throughout the paper, M, (R, respectively) denote the famous Mersenne (Fermat) numbers, and for n > 0 defined
by the recursion M,, = 3M,,_1—2M,,_o (R,, = 3R,—1—2R,,—2, ) with initial values My =0, M; =1 (Ry =2, R; = 3).
The first few terms of these sequences are

2 3 4 5 6 7 8
3 7 15 31 63 127 255
5 9 17 33 65 129 257

N oo
CO| | =t

n
My,
R,

The closed form formulas known as the Binet formula for Mersenne and Fermat numbers are given by, respectively,

M,=2"—1 and R,=2"+1. (1.1)

The characteristic equation corresponding to the above recursion is given by a? —3a 42 = 0 and it has two roots,
say, a1 and g, which have the following properties:

a1 + o = 3, 10 = 2. (12)
Different norms for a square matrix are given in the following lemma.

Lemma 1.1. Let H = [h;j]nxn be any square matrix, then we have

n n
|H|[, = maxbzlmz‘j% \IH\IMZIQ?Sanl\hij|a
i= j=

1<j<n

S Y Il and ||H|l2 = [ max ui(HH),
1=1j=1 ==

|Hl[r =

where p;(H*H) denote the eigenvalues of H*H and H* is the conjugate transpose of H. And for matrix H, these
norms are related as
Hl|lr < |Hl]2 < [|H]|F- (1.3)

1
vn
Lemma 1.2. Let A = [a;;] € M., ,(C), B = [b;;] € M, »(C) and if C is the Hadamard product of A and B, then we

have
ICl2 < u(A)v(B), (1.4)

where u(A) = maxi<i<m /2y |aij|* and v(B) = maxi<j<n /)iy [bij]?

Definition 1.3. [4] For r € C — {0}, a matrix C, is said to be r-circulant matrix if it is of the form

Co C1 C2 e Cn—2 Cn—1
TCn—1 Co C1 e Cn—3 Cn—2
rCp—2 TCph—-1 Co - Cpn—4 Cp-3
C.=
rco rcs rcg - Co C1
| TC1 rco rcg o TCp—1 Co | nxn
and it is denoted by C,. = Cire(r; €), where ¢ = (cg, 1, ..., ¢n—1) is the first row vector. For r = 1 and r = —1, we get

the right circulant and skew-right circulant matrices, respectively.

Some results used in our work are shown in the following lemmas.
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Lemma 1.4. [4] Let C, be r-circulant matrices then its eigenvalues p; are given by

n—1

Hi = ch(pw—i)j, 1=0,1,2,...,n—1,
j=0

where w is the nth root of unity and p is the nth root of r.

Lemma 1.5. The Euclidean norm of r-circulant matrix C, is given by

n—1
1C:lle = | D 102 — (1 — [r[?)]. (1.5)
j=0

Lemma 1.6. [I] For any a and b, we have

n—1

H (a —bpw—_;) =a"™ —rd", (1.6)
i=0

where p; are the n* roots of r.
Now, we obtain the eigenvalues, the determinant, Euclidean norms and bounds for the spectral norm of r-circulant

matrices containing Mersenne and Fermat numbers with arithmetic indices. As consequences, we obtain many new
identities for Mersenne and Fermat numbers.

2 Main results

Let s and ¢ be non negative integers and r € C—{0}. The r-circulant matrices with Mersenne and Fermat numbers
are denoted by M, and R,, respectively, and defined as follows.

Definition 2.1 (Mersenne r-circulant matrix). The Mersenne r-circulant matrix is defined as M, = Circ(r; )
where first row vector is ¢ = (M, Mgy, Mgyop..., Mgy (n—1)¢), i.e., matrix of the form

Ms Mert Ms+2t T Ms+(n—2)t Ms+(n—1)t
rMer(nfl)t M; MSth T Ms+(n73)t Ms+(n72)t
M, = : : : : : . (2.1)
rMsy o rMsyze TMoyar - M, My
rMsiy rMsyor rMsyse - TM5+(n—1)t M;

Definition 2.2 (Fermat r-circulant matrix). The Fermat r-circulant matrix is defined as R, = Clirc(r; €) where
first row vector is ¢ = (Rs, Rst¢, Royot.., Roy(n—1)¢), i-e., matrix of the form

Rs Rs+t Rs+2t e Rs+(n72)t Rs+(n71)t
TRer(nfl)t RS Rs+t e Rs+(n73)t Rs+(n72)t
R, = : : : : : . (2.2)
TR5+2t rRs+3t TRs+4t Tt Rs Rs+t
TRs-‘rt TR5+2t TR5+3t e TRer(nfl)t Rs

In the following theorems, we give the formula for the eigenvalues of the matrices M, and R, and as special cases
for r = 1, —1, the eigenvalues for right circulant and skew-right circulant matrices are obtained.

Theorem 2.3. The eigenvalues of Mersenne r-circulant matrices M, are

M — TMs+nt - pw_i[QtMs—t - TMs+(n71)t]

- - > t,
(1= afpw=)(1 — abpw7) ’
Mg —rMpi1ys + pw™'r My
pa(M,) = § 2l )e TPY T s=t, (23)
(1—afpw=)(1 - ajpw™?)
MS — rMs+nt — pw”[?th,s — TMS+(7L—1)t] s <t

(1 —alpw=)(1 - ajpw=)

where 1 =0,1,2,....,n — 1.
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Proof . We have

n—1
wi(M,) = Moiji(pw™), i=0,1,2,...,n—1
=0
n—1 )
= (@3 — a3t (p)
7=0
n—1 n—1
=i > (ahpw ™) —a3 Y (abpw ™) (2.4)
j=0 3=0
s 1-— (Ta?t) s 1— T(agt
=0 t | T %2 -
1—ajpw 1—a5pw
(af —a3) —r(ai™ —a5™") — pwi[(afab — asal) —r(ai™ah — a3 al)]

(T—abpw ) (1 — abpw )

Ms - TMs+nt - pwii[(a{ag B Ckg()é:tl) — TQtMSJ'_(n_l)t]

= , (using Eq. (1.2)).

(1—alpw (1 — agpw )

And by using Eq. , we have
20M,_y s>t
ajab —ajal = ts =1,
25M;_, s <t

This completes the proof. [

Corollary 2.4. Forr =1 and r = —1, we get the eigenvalues for the Mersenne right circulant and Mersenne skew-right
circulant matrices, respectively, given as

My = Myyny —w'[(af0h — a3af) — 2" Mt (n—1)
(= atpo)(1 — abpw™)

M + Myype — Cw*[(afah — asaf) + 2tMS+(n71)t]
(1= atcw (1 — ablw) ’

pi(Mn)

b

pi(M_1)

where ( is the nth root of -1 and
2tMS,t s> t,
ajal —asal =<0 15 =1,
QSMt_S s < t.

Theorem 2.5. The eigenvalues of Fermat r-circulant matrices are

Rs - TRernt + pwii[r2tRs+(n—l)t - 2t-Rsft]

, : > t,
(1 - alpw)(1 - abpw?) °
Rs —rRpy1ys +2°pw™ 7 Rps — 2
ilRy) = (1o + 2 |1 oy — s=t,
(I —ajpw™)(1 = azpw™)
Ry — rRS-i-nt + pw_z[TQtRer(nfl)t - QSRt—s] s<t

(1—abpw (1 — agpw )

Proof . The argument is the same as Theorem [2.3] O
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Corollary 2.6. For r = 1 and r = —1 in Theorem we have

Rs - Rernt + pw_i[QtRer(nfl)t - 2tRsft]
(1 —afpo (1 — afpw )
pi(Ry) = Ry — Riny1)s +2°pw ' [Rns — 2] s =1t

(1 —ojpw™)(1 — apw™) ’
Ry — Ryint + pw ™" [2' Ry g (n—1)1 — 2° Ry
(1= atp (1 — abp )
Rs + Rernt - Cw_i[QtRer(nfl)t + 2tRsft]
(1 — atCo)(1 — ablw )
Rs + R(n+1)s - 2SCW_1[Rns + 2]
(1= o) (1 — a3Cw )
Rs + Rs+nt - Cwil[QtRs—i-(n—l)t + 28Rt—s]
(1 —aj¢w= (1 - ajqw™)

As a consequence of the above results, we have the following sum identity for Mersenne and Fermat numbers.

Theorem 2.7. For a positive integer n, we have

n—1 —i
My —rMoyne — pw™[(a5ad — asal) — r28 My,
Z +nt — pw[(afag s01) s+( i) =n(2° —1).

. (T = afpo (1 — ap)

Proof . To obtain the result, we use the fact that the trace of a square matrix is the sum of its eigenvalues. Hence
for Mersenne r-circulant matrices M,., we have

-1 -1 —i
nz: (M) = "Z: My —rMgine — pw™*[(afab — ajad) — 12" My (-1
i - (1~ afpw)(1 - abpw 1)

Since r-circulant matrices M, are diagonal constant and the diagonal entries are My, the sum of diagonal entries
of M, is nM,. Therefore,

nil My —rMgyn — pw”t(afab — asal) — TZtMS_,_(n_l)t]
(1 —afpw=)(1 — abpw=)

nM,
i=0

= n(2°-1).

This completes the proof. [
If s =0, then we have the following identity

=0.

S pw ™ (M + 1728 Mpy 1)) — My
—~ (1—ajpw¥)(1 — ajpw=7)

Note that the sum identity proposed in the above theorem is independent of r.

Theorem 2.8. For n € N and Fermat numbers R, we have

n—1

Z Ry = "Roynt + pw ™ [r2' Ryt (n_1y¢ — (afab + asal)]
0 alpo (1 —abpo )

=n(2°+4+1).

and '
"il 2 — 1Ryt + pw 12" Rp_1yr — My

- - = 2n.
(1 - alpw)(1 - abpw ) "

i=0
Proof . The argument is the same as in the proof of Theorem O

In the next results, we give the determinants of r-circulant matrices involving Mersenne and Fermat numbers and
as consequence, we get the determinant for the right and skew-right circulant matrices.
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Theorem 2.9. Determinant of M, is given by

(My — 1M i) — T[(aiaé - 045043) - TQtMer(nfl)t}n

det(M,.) = TR P

Proof . With eigenvalues p; of matrix M,., the determinant is given by det(M,.) = H?:_Ol ;. Hence,
—1 . N N

Ti—[ (Ms — rMing) — pw*[(@f0h — a3a]) — r2tM5+(n71)t]

=0

det(M,) = . .
() (1= alpw)(1 — abpw)

(Mg —rMsin)™ —rl(afah — ajal) — r2t My (—1))" :
- - (1 =raf")(1 - a3 () (wing Fo- (L9))
1 2
(Ms - TMs+nt)n - r[(aiag - agai) - T2tMs+(n*1)t}n

1 —7rR,: + 2ntr2

This completes the proof. [
Corollary 2.10. The determinants of the Mersenne right circulant and skew-right circulant matrices are given as

(My — Myine)™” — [(afob — asal) — 2" My (n—1ye]™

My) =
det( 1) 1— Rnt i 2nt )
det(M 1) _ (M, + Ms+nt)n + [(O‘faé - a;aﬁ) + 2t]ws+(n—1)t]n
B 1+ Ry + 2 '

Theorem 2.11. The determinant of the Fermat r-circulant matrix is given as

(Rs = TRyynt)" — r[(afab + ajad) — 12" Rey (n—1)e]”

det(R,) = T R 532

Proof . The argument is the same as Theorem a
Corollary 2.12. The determinants of Fermat right and skew-right circulant matrices are given as

(Rs — Rsynt)" — [(aiaé + agai) - 2tRs+(n—1)t]n

det =
€ (Rl) 1 _ Rnt + 2nt ’
det(Ry) = ot Bornd)"+ [(efah + as501) + 2 Ret (n-1)e]”
-t 1+ Ry + 27 '

The sum identities

On setting ¢ = 0, r = 1 and p = 1 in equations (2.3) and (2.5), the following sum identities are verified for the
Mersenne and Fermat numbers.

Ms - Ms+nt - 2t]\is—t + Mer(nfl)t

>t
ol MM S
s n+1)s + ns
ZM5+jt — 1_(R+_)’_25 , s =1,
=0 Ms - Ms+th - 281\4t—s + Mer(nfl)t <t
S
1— Ry +2¢, ’
and
Rs - Rs+nt - 2tRs+(n—1)t + 22Sl{s—t s>t
et 1—R; 42 ’
o Rs - R(n+1)s + 28(Rns + 2)
ZRerjt = — R+ 18 =1,
Jj=0 ot s
Rs_Rsn_2Rs n— +2R78
+nt +(n—1)t t s <t

1—-Re+2¢
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3 Norm of Mersenne and Fermat r-circulant matrices

Consider the following matrices (special case when s = 0 and ¢ = 1),

My My Mo M, 2
rM,_1 My M M, _3
M/ — . . . :
Thb TAL; TNQ Aﬂ
rM; rMsy rM;j M1
and
RO R1 R2 Rn—2
T’Rnfl R() Rl Rn73
R = : : : :
TRQ T[% TR4 ‘Ro
rR; rRa TR3 rRy_1

127
Mn—l
Mn—2
: (3.1)
M,y
My
Rn—l
Rn72
: (3.2)
R’
Ry

To obtain the different matrix norms, we need to prove some results on the sum of squares of the Mersenne and

Fermat numbers which we show in the following lemmas.

Lemma 3.1. The finite sum of squares of the Mersenne numbers is given by

n—1
My, — 6M,, + 3n
2 2n n
Z Mj - 3 :
§=0
Proof . By using Eq. (L.1), we get
n—1 n—1 ]
Do MP=3 @ -1
j=0 §=0
n—1

7=0
4" —1
=—3 22" —=1)+n
My, — 6M,, + 3n
3 .

This completes the proof. [

By a similar argument, the next lemma can be proved.

Lemma 3.2. The finite sum of squares of the Fermat numbers is given by

n—1

2 _
> R =
j=0

Ry, +6R, +3n — 14
3 .

(3.3)

Theorem 3.3. The maximum absolute column sum and maximum absolute row sum matrix norm for the matrix M.

are given as
M1 = [[M]|oo = [r|(My, = n).

Proof . Since, for r-circulant matrices we have ||.||1 = ||.||co, from Lemma we have

n
max Z |mij
1<j<n &
n—1
Mo + || Z | M|
k=1
|r|(M, —n)

M|y = (1Mo

(Since, My =0).
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This completes the proof. [

Theorem 3.4. The Euclidean norm for the Mersenne r-circulant matrices is given by

n—1
1M]]] = (|7 > (Ray —4)[n — (1= |r[?)].
§=0
Proof . By Eq. (1.5)), we have
n—1
IM11% = > 1M [ — (1 = |r[*)]
j=0

_

n—

(of —ad)?[n—j(1— |r*)]

I
(]

j=0
= (a7 + a3’ —2aas)[n — (1 — |r[*)]
7=0
n—1
=) (Roj =4 —j(1—[r[*).
7=0

This completes the proof. [

Theorem 3.5. The Euclidean norm for the Fermat r-circulant matrices is given by

IR |le = Z Ryj +4)[n —j(1 —[r]*)].
7=0

Proof . The argument is the same as the above theorem. [J

Theorem 3.6. The bound for the spectral norm of the Mersenne r-circulant matrices is,

My, — 6M,, + 3 My, —6M,, + 3 My, — 6M,, + 3
on ~ OV 230 gy < e Mo = OV 30 o Mo ZOM A5y,
O A TV Ay AR AR T <L
3 3
Proof . By Eq. (1.5)), the Euclidean norm is given as,
n—1
M]3 =D 1M P — (1= |r)].
§=0
Case-1: If |r| > 1, then from Lemma [3.1] we get
n—1 n—1 — n—1
M5 = D =DM+ Y GIM)° > Z n—= DM+ g1
j=0 j=0 j= j=0
n—1
> Y nlMy)?
j=0
My, — 6M,, + 3n
> n ,
- 3
M/ My, —6M,, +3
which implies w > 2 + .
vn 3
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And from Eq. (1.3), we get

129

M, — 6M,, + 3n
gl > |/ Mon =80 50 3.4)
Now, to obtain the upper bound for the spectral norm, we write M, in the form of the Hadamard product of
My 1 1 e 1 1 My M M, 1
rM(nfl) MO 1 s 1 1 1 M1 Mn,2
two matrices. Let, X = : ) : and Y = |: : : . Then clearly,
TMQ ’I"Mg 'I’M4 LR 1 1 1 1 M1
’I‘Ml T‘MQ T‘Mg M() 1 1 1 1
M/ = X oY, where o denotes the Hadamard product. Now,
uwlX) =
n—1
= M3+ |r2> 0 M?
j=1
Mgn — 6Mn + 3n
— \i?
3
and
vY) =
n—1
= | |1+> Mm?
i=1
M: n - n
_ 14 2 6M,, + 3n
3
Thus, by Lemma [T.2] we write
My, — 6M,, + 3n My, — 6M, + 3n
1021 < (X)) = | MmO 5y | Mo — OV 5,
Hence, we have
6M,, + 3n

Mgn — 6Mn + 3n M2n -
VR R TP TRy

Case-2: If |r| < 1, then from Eq. (1.5) and Lemma we get

3

n—1 n—1
M > Z(n_j)‘T|2|Mj\2+Zjl?"|2|Mj\2
7=0 7=0
My, — 6M,,
> n|r? ( 20— OMy 3”) ,
3
M’ M- _ M7
which imphes w > |7"\/ on — 6M, + STL
Vn 3

And from Eq. (1.3), we get

My, — 6M,, + 3
M > Mo = O

6M, +3 M, —
+n\/1+ 2

3
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Next, we calculate the upper bound for the spectral norm of M.

Let
111 - 1 My My My --- M,
r 1 1 -- 1 Mn,1 Mo M1 Mn,Q
P=|: i i i and Q= 1 r
r r r 1 M2 M3 M4 M1
r r r 1 Ml M2 Mg MO

Then clearly, M| = P o @), where o denotes the Hadamard product. So,

u(P) = [pax.
and
1(Q) = max

1<j<n

n—1

2
> M
Jj=0

B \/M2n — 6M, + 3n
= . ,

Hence, by Lemma [1.2] we have

6M,, + 3n
3 )

[[M]|]2 < ui(P)i(Q) = \/ann -

Thus,

iy Mon OV £y < f Mo — O

This completes the proof. O

Theorem 3.7. Lower and upper bounds for the spectral norm of the Fermat r-circulant matrices are

N N — 14 n n — 14 n n —
Ry +6R3+3n §||R;||2§\/I7’|2R2 +6R3+3n \/IJFRQ +6R3+3n > 1,
Ray, +6R,, +3n — 14 Ra, +6R,, +3n — 14
T|\/ 2n ’é+ r SIIR;.HQS\/n 2n 7;; " < 1.

Proof . Using Lemma [3.2] and proceeding as the above theorem, we get the required result. [J

Conclusion

In this study, we defined r-circulant matrices M, and R, involving Mersenne and Fermat numbers, respectively,
having arithmetic indices. We obtained eigenvalues, determinant, Euclidean norm and lower and upper bounds for
the spectral norm of these matrices in closed form. We also obtained all the algebraic properties discussed as a special
case of the main results for » = 1 and r = —1 for right-circulant and skew-right circulant matrices. And, in conclusion,
some interesting results and the sum identities have been obtained.
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