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Abstract

Let R be a prime ring of characteristic different from 2, C' be its extended centroid and @, be its right Martindale
quotient ring and f(t1,...,t,) be a multilinear polynomial over C, which is not central valued on R. Assume that F'
is a b-generalized derivation on R and d is a derivation of R such that

F(f(s))d(f(s)) +d(f(s))F(f(s)) =0

for all s = (s1,...,8,) € R™. Then either F' = 0 or d = 0, except when d is an inner derivation of R, there exists A € C
such that F(r) = Ar for all 7 € R and f(ty,...,t,)? is central valued on R.
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1 Introduction

A ring R is said to be a prime ring if r1 Rro = (0) implies r; = 0 or 9 = 0 for any r1,79 € R. Throughout this
paper R denotes a prime ring with center Z(R). The Utumi quotient ring of R, the right Martindale quotient ring of
R and the extended centroid of R are denoted by U, @, and C, respectively. If R is a prime ring, then @, is a prime
ring and C' is a field. We refer the reader to [I] for more properties and details. The commutator of r and s is equal
to rs — sr and it is denoted by [r, s] for r, s € R.

An additive map d : R — R is called a derivation if d(rs) = d(r)s + rd(s) for all ,s € R. An additive map
G : R — R is called a generalized derivation of R if there is a derivation d of R such that G(rs) = G(r)s + rd(s) for
all r,s € R. An important example of generalized derivation is a map of the form g(r) = ar + rb for some a,b € R
and such generalized derivation is called inner. In the theory of operator algebras, inner generalized derivations have
been primarily studied as an important class of the called elementary operators.

The well-known Posner’s result states that if R is a prime ring and d is a nonzero derivation of R such that
[d(r),r] € Z(R) for all r € R, then R is commutative ([I7]). This result has led to a lot of work explaining the
relationship between the structure of R and some additive map defined on R. As an important example, the additive
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maps Fy, Fy : R — R satisfying the relation H(s) = Fy(s)Fa(s) F Fa(s)Fi(s) = 0 for all s € S, where S is a suitable
subset of R. If F} and F; are derivations of R, then H(s) is called a quadratic differential identity on S.

In [I3], Lanski proved that if d and ¢ are nonzero derivations on R such that [d(r), g(r)] € Z(R) for all r € R, then
either there exists A € C such that d = Ag or char(R) = 2 and R satisfies sy, the standard identity of degree 4. After,
in [2], Beidar et al showed that if [d(r), G(r)] = 0 for all » € R, where d is a derivation of R and G is an additive map
on R, then there exist v € C' and 6 : R — C such that G(r) = vd(r) + 6(r) for any r € R. In [9], Fosner and Vukman
proved that if R is a prime ring of characteristic different from 2, G; and G5 two generalized derivations of R such
that G1(r)Ga(r) + G2(r)G1(r) = 0 for all r € R, then either G; = 0 or G2 = 0. Recently, Rania and Scudo extended
the above result in [I8].

In 2014, Kogsan and Lee [I2] propose the b-generalized derivation as following: Let d : R — @, be an additive
mapping and b € @Q,.. An additive map F': R — @, is called a left b-generalized derivation, with associated mapping
d, if F(rs) = F(r)s + brd(s) for all r,s € R. In the above paper, they proved that if R is a prime ring then d is
a derivation of R. Clearly, a generalized derivation is a 1-generalized derivation. The map r — ar + brc is an b-
generalized derivation of R, for some a, b, ¢ € Q,., which is called inner b-generalized derivation of R. The b-generalized
derivations on multilinear polynomials were studied in recently ([7], [19]).

This paper motivated by the previous cited results. We investigate in the study of a prime ring R with a quadratic
differential identity involving b-generalized derivation and derivation on multilinear polynomial over C, where d is a
derivation and F' is a b-generalized derivation on R. More precisely, we will prove the following theorem:

Theorem: (Main Theorem) Let R be a prime ring of characteristic different from 2, @, be its maximal right

ring of quotients and C' be its extended centroid and f(¢1, ..., t,) be a multilinear polynomial over C, not central valued
on R. Suppose that F'is a b-generalized derivation on R and d is a derivation of R such that

F(f(s))d(f(s)) +d(f(s))F(f(s)) =0

for all s = (s1,...,8n) € R™. Then either F' = 0 or d = 0, except when d is an inner derivation of R, there exists A € C
such that F(r) = Ar for all 7 € R and f(t1,...,t,)? is central valued on R.

2 Preliminaries

We will use some important results of generalized polynomial identities and differential identities. We recall the
following results that we use in the proof of our results.

Fact 2.1: If I is a two-sided ideal of R, then I, R and @, satisfy the same generalized polynomial identities with
coefficients in Q, ([]).

Fact 2.2: If T is a two-sided ideal of R, then I, R and Q, satisfy the same differential identities ([14]).
Fact 2.3: We will use the following notation:
f(s1y.y8n) = 51592...8, + Z Qo 54(1)50(2)-+S0(n)
0€S, oid

for some a, € C and S,, the symmetric group of degree n.

Let d be a derivation. We denote by f(sy,...,s,) the polynomial obtained from f(si,...,s,) replacing each
coefficients o, with d(a,). Then we have

A(f(S1,r8n)) = fHs1, .y 80) + Zf(sl, oy d(85),s ey 80)

for all sq,...,s, € R.

Fact 2.4: ([11]) Let R be a prime ring, d be a nonzero derivation on R and I be a nonzero ideal of R. If I satisfies
the differential identity

flay,az,...,an,d(a1),d(as),...,d(a,)) =0

for any aq, asg, ...,a, € I, then either

(i) I satisfies the generalized polynomial identity f(a1,ag, ..., an, 1,22, ...,2,) = 0 or
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(ii) d is Q.-inner, that is; for some ¢ € Q,, d(z) = [g,z] and I satisfies the generalized polynomial identity
f(ala a2, ..., n, [qa al]? [Q7a2]a [EES) [qa anD =0.

Fact 2.5: Let X = {x1,9,...} the countable set consisting of the non-commuting indeterminates x1,zs, .... Let
C{X} be the free algebra over C in the set X. We denote T = Q, ®c C {X}, the free product of the C-algebra
Q, and C'{X}. The elements of T are called the generalized polynomial with coefficients in Q.. Let B be a set of
C-independent vectors of @,. Then any element f € T can be represented in this form f = 3" a;m;, where a;; € C

K3
and m; are B-monomials of the form qoy1q1y292-.-Yngn, with qo, q1, ...,qn € B and y1,y2, ..., yn € X. Any generalized
polynomial f =3 a;m; is trivial, i.e., zero element in T if and only if «; = 0 for each i. For more detail we refer to

. l

Fact 2.6: ([5]) Let C be an infinite field and m > 2. Suppose that Ay, ..., Ay are not scalar matrices in M,,(C).
Then there exists some invertible matrix P € M,,(C) such that any matrices PA{P7', ..., PA,P~! have all nonzero
entries.

3 The matrix case and inner derivations

In this section we consider the case when both d and F are inner. Let F(r) = ar + brc and d(r) = [¢,7] for all
r € R. For suitable elements a, b, c,q € Q,, we consider the generalized polynomial

P(ly,.,ln) = (af(l, . ln) £0f(lrs s ln)e) (af (s b)) — f(l1s s ln)g) +
(Qf(lh s ln) - f(lla sy ln)Q) (af(lh s ln) + bf(llv sy ln)c) : (31)

By our hypothesis, we have P(ry,...,m,) = 0 for all r1,...,7, € R, i.e., R satisfies the generalized polynomial
identity P(ly,...,ln). We examine the generalized polynomial identity given above. In every case after that, let R
be a prime ring of characteristic different from 2 and C be its extended centroid. We assume that f(ly,...,1,) is a
multilinear polynomial over C' and it is not central valued on R.

Proposition 3.1. Either P(ly,...,1,) is a non-trivial generalized polynomial identity for R or one of the following
holds:

(i) q € C;
(i) c € C and a = —bc € C}
(i) a,b,c € C and f(ly,...,1,)? is central valued on R.
Proof . Firstly we consider a € C,b € C' and ¢ € C. Then R satisfies

(a+be) {f(lr, s ln)(qf Ly, oy ln) = f(lay s ln)a) + (af (L1, oy In) = f(lay o b)) @) flny o 1n) }

We may assume that a +bc # 0. Since the characteristic of R different from 2, we have either ¢ € C or f(I1,...,1,)?
is central valued on R by Theorem 1 in [20].

Now, we suppose that ¢ is not central element of @, and P(ly, ...,1,) is a trivial generalized polynomial.

Suppose first that b and ¢ are central, a ¢ C. Then
P(llavln) = (a’—’_bc)f(llvvln)(qf(llv7ln) _f(llvvln)q)—’_(qf(llvaln) _f(llvvln)q)(a—’_bc)f(lla7ln)

Since {1, ¢} is linearly C-independent and P(ly, ...,1,,) = 0 € T, we have (a + bc) f(ly, ...,1,)* = 0 € T, by Fact 2.5.
This implies a +bc = 0 i.e., a € C, a contradiction. Similarly, suppose that a and ¢ are central, b ¢ C. Then we arrive
that b € C, which is a contradiction. Now, we suppose that a,b € C and ¢ ¢ C. Then,

Py, ly) = (1o ln)(@+be)(@f () — F1s oo 1)a) + (@f (L1, eoesln) — F(1s oo 1) @) F (L1 ooy In) (@ + b).

Since {1, ¢} is linearly C-independent, using again Fact 2.5, we obtain f(ly,...,{,)*(a + bc) = 0 € T, it implies
a + bc = 0. This gives ¢ € C, a contradiction.
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Hence, we may suppose that a,b,c¢ and ¢ are non-central element of @, and P(ly,...,1,) is a trivial generalized
polynomial identity for R. We show that this assumption leads to contradiction. By Fact 2.1, P(ly,...,1,,) is a trivial
generalized polynomial identity for @,.

If {1,a,b,q} are linearly C-independent, then we have af(l1,...,1n)(qf(l1,....,ln) — f(l1, .., ln)g) = 0 € T from (3.1).
Since {1, ¢} is linearly C-independent, we get af(l1,...,l,)?q = 0 € T. Therefore, either a = 0 or ¢ = 0. Thus we have
a contradiction.

Let {1,a,b,q} is linearly C-dependent. Thus, there exists aq, s, ag, as € C such that aja + asb + aszq+ ay = 0.

Case-1: Let a; = 0. In this case asb + a3q + ay = 0, where ap # 0 since ¢ is not central. Therefore, b = alq + 04”,
where @' = —ay'az and @ = —a; ‘ay. In view of (3.1), we have

0 = af(ly, . ln)qf(li, o ln) —af(ly, ..., 1n)%q
o' g+ a ) fla, o l)eaf (I, o ln) = (@ g+ a ) f(la, oy l)ef (s oy ln)g
+qf(l, . l)af(lh, o ln) +qf (1, .01 )(aq+a) (I1, .y ln)e
—f(l,y s l)gaf(la, o ln) — flay oy ln)g (a qg+a ) (l1, .y ln)e. (3.2)

If {a,q,1} is linearly C-independent, then we get a contradiction. Hence, B1a + f2q + B3 = 0. If 81 = 0, then 55
cannot be zero and so g € C, a contradiction. Thus, suppose that 81 # 0. Then, there exists 8,8 € C such that
a=pBq+ B, where 8 = =B '8y and 8 = —B; ' B3. From (3.2), we get

0 = Ba+ B, ln)af s osln) = (Ba+ 8 ) flhs s ln)?a
o g+ o ) fln o b)egf (s ln) = (@ g+ o) f(la, o ln)ef (T )
+af (1 L) (B g+ B7) (I, o )
+qf(l, b)) (@ g+ ) flyy s ln)e — fl, o b)a(B g+ B ) f1, i)
—f (I, e b)q(e g+ ) f (I, oo I)e. (3.3)

Since ¢ ¢ C and P(ly,...,1,) is a trivial generalized polynomial identity, we obtain

(25,Q+a/CQ+ﬂ”)f(lla" al ) }
li,.yln , y =0. 3.4
qf(l ){ *(OZC+ﬂ)f(ll,...,l )q+(OZQ+a ) (117 3 )C ( )
If {c,q,1} is hnearly C- 1ndependent we have ¢ f (I, s )(a/c—kﬁl)f(ll, s ln)g = 0. Since ¢ ¢ C, we have @ c—i—ﬁ =

0. Then, we get oc= fﬂ € C. This implies that « = 0, since ¢ ¢ C. Hence, we haveb*anra =a €,
a contradiction. Let {c,q,1} is linearly C-dependent. Then, there exists A1, Ay € C such that ¢ = A\jq + A2, where
A1 # 0. By (3.4), we obtain

af (s la) {28+ 0 Mg+ 20 N0)g + 87 + 0" Na) | F (0, ) = 0.

Since ¢ ¢ C, we get (26/ +a' Mg+ 20//\2)(1 = —8" —a" X\, € C. This implies that 28" + &' A\1q + 2a’ Ao = 0, since
q ¢ C. Thus, @ =0 since A\; #0 and ¢ ¢ C. Hence b € C, a contradiction.

Case-2: Let ay # 0. Then, aja + asb + azq + ay = 0 yields that a = 10 + 29 + 7v3 for some 1,792,773 € C. By
(3.1), we have

0 = (mb+vq+73) 1, ln)af (U, ln) — (b + 720 +73) f (U1, -0 1n) g
+bf(l1, ceey ln)qu(ll, ceey ln) — bf(ll, ceey ln>Cf(l]_7 ceey ln)q + qf(ll, ceey ln)(’ylb —|— Y24 + ’)/3)f(l1, ceey Zn)
F+qf(le, o L)Ly oy b )e = flny oo In)q(v1b + v2q +93) (L1, s ln) — f(lay oo In)gbf (L1, s ln)e. (3.5)

Let {b,q,1} is linearly C-independent. Since P(ly,...,1,) is trivial generalized polynomial identity for Q,., we get

bf(lh, ..., ln) {1 +)gf(l1, .., 1) — (1 + ) f(ly,....01)g} = 0.
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Since b, ¢ ¢ C, we find ¢ = —; € C, a contradiction. If {b, ¢, 1} is linearly C-dependent, then there exists 61,62 € C
such that b = 01q + 02, where 6; # 0. Hence, by (3.5)

0 = (7191(}4-7192+72Q+73)f(11,~--7l )af(l1y s ln) — (%91&14—%92+72q+73)f(117~-~7ln)2q
(qu + 92)f(ll7 )qu(lla ceey ) (91(] + 92)f(lla sy )Cf(l]_, 7ln)q
+qf(ly, ... ln)(’Y191Q+’Y192+72Q+73) (L1, oo, n)+qf(llv~~7 n)(01q+02) f(l, ..., 1n)c

( ) —

l
—flls s ln)a(n01q + 7102 + vaq +43) f(l1, -0 1 Ja, o ln)q(0rg + 02) f (L, .. 1y )c. (3.6)

n

Since {g, 1} is linearly C-independent, we get

£ 1) { (27101 + 272 + 01¢)g + (102 +73)) f (11, oy In) } 0
A —(101 + 2+ 010) (I, oy L)g + (01 + 02) F (11, ..y Ln)e :

If {¢,q,1} is linearly C-independent, we obtain
qf(l1, ceny ln)(’)/191 + Y2 + ch)f(ll, ceny ln)q =0.
Since ¢ ¢ C, 101 + v2 + 01c = 0, that is, 1c = —y16; — v2 € C. Since ¢ ¢ C, we get 61 = 0. Thus,

b=0,q+ 0y =0, € C, a contradiction.

Now, let {c,q,1} is linearly C-dependent. Then, there exists p1, ua € C such that ¢ = p1q + po, where ug # 0.
Since ¢ ¢ C and the relation (3.6), we have

0= f(l1, 1 ){ (=202 — 019)p1qg — (102 + 3 + O2p12)] f (L1, 1n)g }
T +(92M1 _’7191 — 72 —eluz)QZf(lh...,ln) ’

Hence using again {q, 1} is linearly C-independent, we obtain (—20s —01q)u1q = y102+y3+ 60202 € C. Since ¢ ¢ C
and p1 # 0, we get 01g = —2605 € C. This implies that §; = 0 and so b € C, a contradiction.

Therefore, all the cases lead to a contradiction. [J

Proposition 3.2. Assume R = M,,(C), m > 2, the ring of m x m matrices over the infinite field C. Then one of the
following holds:

(i) g€ C;
(it) c€ C and a = —bc € C;
(iii) a,b,c € C and f(ly,...,1,)? is central valued on R.

Proof . By our assumption R satisfies generalized polynomial identity
(af(ll, ey ln) + bf(ll, ey ln)c) (qf(ll, ey ln) — f(ll7 ey ln)q) + (qf(ll, ey ln) — f(ll7 ey ln)q) (af(ll, ey ln) + bf(ll, ey ln)C) .

Let e;; denotes the matrix whose (7, j)-entry is 1 and rest entries are zero. Since f(l1,...,1,) is not central, by [14]
(see also [I5]), there exist ly,...,l, € M, (C) and 0 # v € C such that f(ly,...,l,) = Yemn with m # n. Moreover,
since the set {f(r1,...,7n) | 71y ..oy Tn € My, (C)}is invariant under the action of all C-automorphisms of M,,(C), then
for any i # j there exist rq,..., 7, € M,,(C) such that f(ri,...,m,) = e;;. Thus, we get

0= aeijqeij -+ beijcqeij — beijceijq + qeijael-j + qeijbeijc — el-jqaeij — eijqbeijc. (37)

Left multiplying by e;; in (3.7), we obtain

0= 2ainji€ij + bji(z cjqui)eij.
k=1

In particular, 2a;;q;; = 0 and bj;v;; = 0. Since char(R) # 2, it implies that

@jiqji = 0 and bji’l}ji =0. (38)
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It is obvious that we may assume ¢ is not scalar, unless we are done. Suppose that a is not scalar. By Fact 2.6,
there exists a C-automorphism ¢ of M,,(C) such that a = o(a), q = ©(q) have all nonzero entries. Clearly, a,q
and v = ¢(v) must satisfy the condition (3.8). This gives a contradiction. Similarly, if we assume b is not scalar, then
we get a contradiction.

Now, we assume that a,b and c are central. Thus R satisfies

(aHC){ FUo, s ) (@ f (g s 1) = (zl,...,zn’)?z) }

+(Qf(l1a ey ln) - f(lla vl ) )f(lla .
Hence, if a + bc = 0 then a = —bc € C, since we can use the similar situation as Proposition 1. By applying
Theorem 1 in [20], if a + be # 0, either ¢ € C or f(ly,...,1,)? is central valued on R. [J

Proposition 3.3. Assume that R = M,,,(C), m > 2, is the algebra of m x m matrices over a field C' of characteristic
different from 2 and f(l4,...,1,) is a multilinear polynomial over C, which is not central valued on R. Hence, one of
the following holds:

(i) g€ C;
(it) c€ C and a = —bc € C;
(iii) a,b,c € C and f(ly,...,1,)? is central valued on R.

Proof . In the case of infinite field C, the conclusion follows from Proposition 2. Now we suppose that C'is a finite
field. Let K be an infinite extension of the field of C'and R = M,,(K) = R®c K. Note that the multilinear polynomial
f(ly, ..., 1) is central valued on R iff it is central valued on R. Consider the generalized polynomial

P(ll,...,ln) = (af(ll,...,ln)
l

+0f(l1y s ln)e) (@f (i, s ln) — flas o 1n)q)
+(Qf(l11a n) l

— fllh, - ln)q) (af(la, . ln) +0f (L, oy ln)e)

which is a generalized polynomial identity for R. Moreover, it is a multihomogeneous of multidegree (2,2, ...,2) in the
indeterminates my, mg, ..., m,. Hence the complete linearization of P(ly,...,1,) is a multilinear generalized polynomial
O(ly, s lnylyy ooy ln) = 2" P(ly, ..., Iy,). Tt is clear that the multilinear polynomial O(ly, ..., 1, Y1, ..., yn) is & generalized
polynomial identity for both R and R. By char(C) # 2, we have P(r1,...,r,) = 0 for all 71, ...,7,, € R. Therefore, the
conclusion follows from Proposition 2. [J

Corollary 3.4. Let R = M,,(C), m > 2, be the ring of m X m matrices over the field C, which is characteristic
different from 2 and a,b,c,q € Q,. If

(ar + bre)(qr —rq) + (gr — rq)(ar + bre) =0 for all r € R,

then one of the following holds:
(i) q € C;
(#4) c€ C and a = —bc € C}
(iii) a,b,c € C and 12 € Z(R).

Proposition 3.5. Assume that R is a primitive ring which is isomorphic to a dense ring of linear transformations of
a vector space V over C' such that V is infinite-dimensional over C. Let a,b,c,q € R. If (ar + bre)(qr —rq) + (gr —
rq)(ar + bre) =0 for all r € R, then either ¢ € C or ¢ € C and a = —bc € C.

Proof . We will prove by contradiction. Suppose that ¢,c and a are noncentral. For any e = e? € Soc(R), we
have eRe = M} (C) with k = dim¢ Ve, since V is infinite dimensional over C. From the fact that ¢ ¢ C, ¢ ¢ C and
a ¢ C, then they not centralize the nonzero ideal Soc(R). Then, qhg # hog, chi # hic and ahy # haa for some
ho, h1, ha € Soc(R). By Litoff’s theorem(see Theorem 4.3.11 in [I]), there exists an idempotent e € Soc(R) such that
ho, hi1, ho, hoq, qhg, h1c, chy, hoa,ahs € eRe. Since R satisfies the generalized identity

e((aere + berec)(gere — ereq) + (gere — ereq)(aere + berec))e = 0,
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the subring eRe satisfies

(eaer + eberece)(eger — rege) + (eger — reqe)(eaer + eberece) = 0.

By above finite dimensional case, we have either eqe € Z(eRe) or ece € Z(eRe) and eae € Z(eRe). Thus, we get
gho = (eqe)ho = ho(ege) = hog,

chy = (ece)hy = hi(ece) = hic,
ahy = (eae)hs = ha(eae) = hoa.

Clearly, the conclusions contradict with the choices of hg, h1, ho € Soc(R), respectively. O

Theorem 3.6. Let R be a noncommutative prime ring of char(R) # 2, Q, be its right Martindale quotient ring and
C be its extended centroid. Let f(ly,...,1,) be a multilinear polynomial over C, which is not central valued on R and
a,b,c,q € Q, such that d(x) = qx — zq, F(x) = ax + bzxc for all z € R. 1f

E(f(r)d(f(r)) +d(f(r)F(f(r)) =0

for all » = (r1,...,mn) € R", then either F' = 0 or d = 0 unless when there exists A € C such that F(z) = Az for all
z € Rand f(l,...,1,)? is central valued on R.

Proof . Proposition 1 implies that R satisfies the non-trivial generalized polynomial identity

P(ly,..nln) = (af(ly, .. ln) +0f(l1, .., ln)e) (qf (T, ln) — flh, 0 ln)g) +
(qf (1, ln) — fllay oy )@ (af (11, oy 1) + 0f (I, .oy ln)C)

From Fact 2.1, since R and @, satisfy same generalized polynomial identities, this generalized polynomial identity
is also satisfied by Q,. If C is infinite, then P(rq,...,r,) = 0 for all r1,...,7, € Q, ®c C, where C is the algebraic
closure of C'. By Theorem 3.5 in [§], Q, ®c C is a centrally closed prime C-algebra and so we may replace R by @Q,. or
Q, ®c C according as C is finite or infinite. By Theorem 3 in [I6], R is a primitive ring having a nonzero socle H and
eHe is a simple central algebra finite dimensional over C', for a minimal idempotent e € H. In the light of Jacobson’s
theorem ([I0], p.75), R is isomorphic to a dense ring of linear transformations on any vector space V over C. Firstly,
we suppose that V is finite dimensionel over C, i.e., dim¢ V = k. By density of R, we get R = M (C). Then, R must
be noncommutative and so k > 2, since f(rq,...,75) is not central valued on R. Hence, the conclusion follows from
Proposition 3.

Now, we assume that V' is infinite dimensional over C. By Lemma 2 in [21], the set f(R) is dense on R and since
P(ri,...,rp) =0 for all r1,...,7, € R, we arrive that R satisfies the generalized identity

P(z) = (azx + bxc)[g, z] + [q, x](azx + bxc)
which gives

(ar + bre)(gr — rq) + (qr — rq)(ar + bre) = 0 for all r € R.

By Proposition 4, we conclude that ¢ € C or ¢ € C and a = —bc € C. The proof is completed. [

4 The Main Result

Theorem 4.1. Suppose that R is a prime ring of characteristic different from 2, @,- is maximal right ring of quotients
and C' is extended centroid of R and f(¢1,...,t,) is a multilinear polynomial over C' which is not central valued on R.
If F' is a b-generalized derivation on R and d is a derivation of R such that

F(f(s))d(f(s)) +d(f(s))F(f(s)) =0

for all s = (s1, ..., 8,) € R", then either F' =0 or d = 0, except when d is an inner derivation of R, there exists A € C
such that F(r) = Ar for all » € R and f(t1,...,t,)? is central valued on R.
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Proof . Theorem 2.3 in [12] implies that there exist a derivation § : R — @, and a € @, such that F(r) = ar + bd(r)
for all » € R. By hypothesis, R satisfies

0 = (@f(l, ) + 08 Uy L)AL (1 ooy L)) + ACF (s oo b)) (@f (s ooy L)+ BO(F (L, o ). (4.1)

From Lemma 2 in [I4], we know that any derivation of R can be uniquely extended to a derivation of @, and so
Q. satisfies this differential identity. Substituting the value of §(f(ly,...,1,)) and d(f(l1,...,1,)) in (4.1), we obtain

0 = (af(ly,oln) +bf(l1, oy +bell,...7 ) odn)) 4+ (s o by +Zfl1,..., ), ln))
+(f (L, ooy I +Zle,..., )yl (@f (L, oo 1) +0F0 (14, .. +bell,, )yedn))  (4.2)

In case both d and ¢ are inner derivations, we write d(z) = [p,z] and F(z) = ax + blg,z] = (a + bq)x — bxq for
D,q € Q.. Thus, the conclusion follows from Theorem 1. Also, if § = 0, then by (4.2)

0 = af(ly, e bn)(fE11, 0o In +Zfl1,..., )y o)) + (FE(1y ooy I +Zle,..., Yy af (L, ooy ly).

In light of Kharchenko’s theorem (see Fact 2.4), @, satisfies

0 = af(ly, b)) (f1, o ln +Zf11,...,wi,...zn))+( (I oyl +Zle,..., iyl Naf (I, oo ln).

In particular, @, satisfies blended component

Flyy sl Zle,..., wiy o) + 3l wiydn)af (s 1) = 0. (4.3)

We replace w; by [u, z;], where u € Q, and u ¢ C. Since f(ly,...,1,) is multilinear, then we get
af(lyy oy )y f(lay ooy b)) + [u, f(l1, o ln)]af (T, .y 1) = 0.
From Theorem 1, a € C and f(ly, ...,1,)? is central valued on R. Since a € C and R is a prime ring, either a = 0

or f(ly,...,1n)* = 0, by equation (4.3). By Main Theorem in [3], f(l,...,l,) = 0 for all [; € R, in this case we get a
contradiction. Thus, we assume in all follows that d # 0, § # 0 and both are not simultaneously inner derivations.

First we consider the case when d and § are linearly C-independent modulo inner derivations. Applying Kharchenko’s
theorem by (4.2), @, satisfies the differential identity

(af (i oy ln) +bF0 (11, oy L +bezl,..., )+ (fU ) +Zfl1,..., )

+(f(1y, sl +Zfl1,..., ir o))+ (af (I, ooy b)) + 0 F0 (1, oy 1y +bez1,..., ws, ...1n))

and in particular
DY s wiy ) D f ey 2o oodn) + Y f(l1 s 2y )b > f (L e wi, ). (4.4)

is a generalized identity for @,. For some non-central element ¢ € Q,., replacing w; and z; by [q,z;] in (4.4), for any
i=1,...,n, we get R satisfies

b[‘L f(lla ceey ln)]2 + [Qa f(lh 7ln)}b[qa f(lly ;ln)]

This relation is a particular case of Theorem 1 and so result follows from Theorem 1.
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Now, let d and 0 be C-dependent modulo inner derivations. In this case, there exist «, 5 € C such that ad + §6 is
inner derivation, i.e., there exists ¢ € @, such that ad(z) + Bé(x) = [g,z] for all x € Q,.

Suppose first a = 0 and 3 # 0. Then §(z) = [p, x] for all x € Q,., where p = 371q ¢ C. As mentioned above, d is
not an inner derivation of R. By (4.1), R satisfies

(@f(lys s ln) + 0lp, f (s B)DACf (s o D))+ d(f (s o D)) (@f (T oo Bn) 4 0[P, f (T2 oo D)) (4.5)
Since d is not inner and by using Kharchenko’s theorem, R satisfies the generalized identity

(@f(lyy s ln) +b[p, F(1s oo L)) (£ s I +Zfl1,..., sodn)) + (F s ln)
+Zf(ll,...,wl—,...ln))(af(ll,..., L) +blp, fl1, . 1))

Hence, R satisfies the blended component

(af(liy ey ln) + b, f(ly oo by Zle,..., ..ln)+Zf(ll,...,wi,...ln)(af(ll,...,ln)+b[p,f(l1,...,ln)]).

Replace w; by [q, z;] for some ¢ ¢ C, then R satisfies
(anla ey ln) + b[pv f(lla () ln)])[‘]a f(lla ceey ln)} + [Q7 f(ll’ ) ln)](a’f(ll? e ln) + b[p7 f(llv sty ZH)D
The desired result is obtained with Theorem 1. Now, we consider the case when 8 = 0 and o # 0. Then

d(x) = [u,z], where u = a~1q ¢ C. As above remarked, § cannot be an inner derivation of R. From (4.1), R satisfies
the differential identity

(@f (1o ln) + bSO (I, ooy +bezl,..., iy b))ty F(11s s 1)

[, F(L1y o L) (@f (L1, ooy ) + DO (L1, ooy Iy +bel1,..., ).

Thus, R satisfies the blended component

DY Iy wiy ol [ty f(Ly oo L))+ s £ (0 s D bezl,..., o).

Similar to above, replace w; by [q, z;] for some g ¢ C, R satisfies the generalized identity
b[q7 f(lh ceey ln)”u7 f(lla ey ln)] + [’U,, f(h? ceey ln)}b[% f(llu ceey ln)]

From Theorem 1, either ¢ € C' or u € C. In this case, we get a contradiction.

Finally, we consider the case both a # 0 and 8 # 0. Thus, d(z) = v6(z) + [v, 2], where v = —a~ 13, v = a~1q. If

0 is an inner derivation, then d must also be inner. Thus, we suppose that § is not inner. From our hypothesis,

(af(ly,..ily) +bf0(ly, oy ln +be11,..., )
CTA(CNS +72fl1,..., i +Zle,.. )
(7Ol +72f11,...7 +Zf11,.. )

(af(llﬂ"'7 n)+bf ll7"'7 +be 117"'7 7"' ))
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is a differential identity for @,.. Since § is not inner, using again Kharchenko’s theorem, @, satisfies
(af(l1y oo ln) +0f0 (11, e by +be I,y Wiy ln))
(vfoly, .l +72f I, ..., wi, +Zf .., )
(vl e I HZM,..., . +Zfl1,..., 0, 1], ln)
(af(l1yeosln) +0f0 (11, s Ly +be I,y Wiy d)).

Then, @, satisfies the blended component
b(> " flly, - wi, 24 Zf ly,...;w be I,y Wy, ) (4.6)

since 0 # v € C. In particular, wy = I3 and w; = 0 for all i > 2, by (4.6), Q, satisfies bf(ly,...,1,)% +
flly, )by, ... 1), By [6], this yields b € C. Since b ;é 0 and char(R) # 2, f(l1,...,1,)? = 0 for all I1,...,1, € R.
By Main Theorem in [3], it implies a contradiction. O

Example 4.2. Assume that K be a field with characteristic 2 and

R{(k l)’k,l,meK}.
0 m

We define mappings F,d : R — R by F(r) = e1or +egarers and d(r) = erireas for all r € R, where {e;;|4,j = 1,2}
denotes a set of matrix units in R. It is easy to see that F' is a nonzero b-generalized derivation and d is a nonzero
derivation of R. Moreover, F' and d satisfy the hypotheses in Theorem 4.1, but F is not in the form F(r) = Ar for all
r € R. Therefore, the condition of primeness and the characteristic hypotheses are crucial.

5 Conclusions

Many articles in the literature, involving different types of derivations on multilinear polynomials of a prime ring,
show that there is a relationship between the structure of a prime ring R and the behavior of additive maps defined
on R. We investigate in the study of a prime ring R of characteristic different from 2 with a quadratic differential
identity involving a b-generalized derivation and a derivation on a non-central multilinear polynomial f(t1,...,t,) over
C. We show that if F(f(s))d(f(s)) +d(f(s))F(f(s)) =0 for all s = (s1,...,5,) € R™, then there exists A € C such
that F(r) = Ar for all € R, d is an inner derivation of R and f(ty,...,t,)? is central valued on R, where F # 0 is a
b-generalized derivation and d # 0 is a derivation on R.
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