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Abstract

The present study examined the behavior of solutions for a viscoelastic double-Kirchhoff-type wave equation with
nonlocal degenerate damping term and variable exponent nonlinearities. Under appropriate conditions for the data
and exponents, we prove the global existence, asymptotic stability, and blow up of solutions with arbitrary initial
energy.
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1 Introduction

In this work, we consider the following boundary value problem

1 .
uge — M(||Vul|?) Au— (a + b/ |Vup(”‘)dx) Apyu + (g * Au)(z,t)
Q

p(z)
+ o(IVull?)h(ur) = ¢(u), (z,t) € Q x (0,00) (1.1)
ou
u(z,t) = a—n(x,t) =0, (x,t) € 092 x (0, 00) (1.2)
u(z,0) = ug, u(z,0) =ui(x), z €. (1.3)
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Here a,b > 0 and Q is a bounded domain of R™(n > 1) with a smooth boundary 9. Also, A

p(x)—Laplacian operator which defined as

Apzyu = div(|Vu\p($)_2Vu),
Moreover, suppose that r is a positive constant in which

M(s) =1+0(s), o(s)=s",

and the viscoelastic term is defined as

(g Au)(z,t) = /o g(t — s)Au(s)ds,

where the kernel of the memory satisfies the following condition:
(A1) g is a nonincreasing and nonnegative function satisfying

gt) > 0, 1—/ g(tydt =1 >0,
0

+oo
§(6) < —€()g(0), / £(t)dt = +oo,

and £ is a positive differentiable function.
The variable-exponent nonlinearity terms, i.e., h(.) and ¢(.) are defined as:
h(v) = o™,

B(v) = o]’ 0.

In this study, the following additional condition is considered on the variable exponents:
(A2) the exponents p(-), m(-) and ¢(-) are given measurable functions on 2 such that:

2<p” <pla) <p' < oo,
2<m” <m(z) <m" < oo,

2<q <qz)<q" <o,

with
p = eSSillfp($)7 p+ = esssupp(a?),
x€eQ xeQ
m~ :=essinf m(z), m" := esssupm(x),
e z€Q
q_ 1= ess lllfq(fl':)7 q+ ‘= €esssup q(m>
zE zeQ

p(z

) is called

Before going any further, some previous works in the literature about the Kirchhoff-type models with nonlocal
damping terms and constant-exponent nonlinearities are reviewed. Ikehata and Matsuyama [12] studied the associated

mixed problem for the following Kirchhoff-type equation
wgy — M (|| Vul|?)Au + 6w [P~ uy = plug |7 .

Under some restrictions to the initial data, they proved the existence of global solutions and decay of the associated
energy. In another study, Lazo [14], proved the existence of a global solution for the Kirchhoff-type equation of the

form )
uge + M(|A2ul?)Au + N(JA“u|*) A%y = f,

where A is a positive self-adjoint operator which defined in a real Hilbert space H, and 0 < a < 1. Also, it is assumed

that there exist constants mg,ng > 0 such that the functions M and N satisfy the following conditions

M € C°((0,4+00); R), M(s) > myq for all s > 0.
N € C°((0,+00); R), N(s) > ng for all s > 0.
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In [6], Chueshov examined the following Kirchhoff wave model with nonlocal and nonlinear strong damping

ure — @[ Vu(®)[3)Au — o ([Vu(t)[3) Aug + f(u) = h.

He demonstrated the existence and uniqueness of weak solutions and studied their properties for a wide class of
nonlinearities which covers the case of possible degeneration (or even negativity) of the stiffness coefficient and the case
of a supercritical source term. He proved that in the natural energy space endowed with a partially strong topology
there exists a global finite-dimensional attractor. In a recent study, Narciso [19] investigated well-posedness and
long-time behavior of the solutions for the following quasi-linear Kirchhoff-type wave model with nonlocal nonlinear
damping

wi — O(|[Vu() ) Au — o (|Va(t) [3)g(us) + f(u) = h,

The existence of a local attractor was also proved under appropriate conditions on data.
Zhang et. al. [30] considered a wave equation with nonlocal nonlinear damping and source terms of the form

ue — Au+ M(|Vul|*)g(ur) = f(u),

in a bounded domain. They proved a general energy decay property for the solutions by constructing a stable set
and using the multiplier technique. In this regard, see also Zhang et. al. [31]. Note that, numerous researchers have
studied the different kinds of generalizations of the Kirchhoff-type wave models. Thus, due to the extensive literature
on the topic, we selectively refer to [5l [7, 13 18] 20, 28, 29] and the references therein. Nonetheless, the stability
and blow-up of solutions of viscoelastic Kirchhoff-type wave equations with variable-exponent nonlinearities is a less
investigated area. For example, Pigkin [21], proved the blow-up of solutions for the following Kirchhoff-type equation
with variable exponents nonlinearities:

wgy — M(||Vul|?) Au + Juy |P@ 20, = |u|1@) 72,

Afterward, Shahrouzi and Kargarfard [27] considered the following Kirchhoff-type equation with m(z)—Laplacian
operator
Ut — M(||VU||2)A’U, - Am(m)u + h(xv ta u, vu) + ﬁut = ¢p(m) (u)7

where ¢, (u) = [u[P®u and h(z,t,u, Vu) is a function that satisfies
|h(z,t,u, Vu)| < Mi|u| + Ma|Vul,

for some positive My, M. They proved the blow up of solutions with positive initial energy and suitable conditions
on datum and variable exponents.
Recently, Antontsev et. al [2] looked into the following nonlinear Timoshenko equation with variable exponents:

gy + A%u — M(||Vu||2Lz(Q))Au + g |P@) 20, = |u)1®) 72y,

and demonstrated the local existence of the solution under suitable conditions. Moreover, the nonexistence of solutions
was proved with negative initial energy.
Dai and Hao [§] studied the following equation

—M(/Qﬁ|Vu|p(x)dx)div(|Vu|p(’”)_2Vu) = f(z,u).

Using a direct variational approach and the theory of the variable-exponent Sobolev spaces, they established
conditions through which the existence and multiplicity of solutions for the problem were verified. In another study,
Hamdani et. al. [I1] investigated the following nonlocal p(x)—Kirchhoff-type equation

—(a— b/ %)\Vu\p(I)dx)divﬂVu|p("”)*2Vu) = Mul|P® 2y + g(z, u).
Q pP\r

They obtained a nontrivial weak solution by using the Mountain Pass theorem. The relevant equations with
variable-exponent nonlinearities have also been studied in [3} 10} [16] 17, 22} 23] 24, 25].
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What distinguishes the current research from the other studies is the investigation of a new viscoelastic wave model
with double-Kirchhoff-type terms as well as the inclusion of a product of o(||Vu||%) and variable-exponent nonlinearity
term h(u). Our study extends and improves the results in the literature as obtained in [19] 26, [30} 3T] to viscoelastic
double-Kirchhoff-type equation with degenerate nonlocal damping and variable-exponent nonlinearities.

The rest of the paper is organized as follows. In section 2 we present some definitions and Lemmas about the
variable-exponent Lebesgue space, LP()(Q), the Sobolev space VV1 P()(Q), that we use for main results. Section 3
proves the global existence of solutions for the problem (|1.1] . In section 4 the asymptotic stability of solutions
for appropriate initial data has been proved. Finally, the blow—up of solutions is proved with arbitrary initial energy
and suitable conditions on datum, in section 5.

2 Preliminaries
In order to study problem ([1.1)-(1.3]), some theories about Lebesgue and Sobolev spaces with variable-exponents
are required (for more details see [4], [9]).

Let p:  — [1,00] be a measurable function, where ) is a domain of R™. we define the variable exponent Lebesgue
space by

LP@(Q) = {u| u is measurable in Q and / |AMu(z)|P@dx < 0o for some A > O}.
Q

We equip the Lebesgue space with a variable exponent, ZL”(‘)(Q)7 with the following Luxembourg-type norm

ullpez) == lnf A > 0‘/ | —= \p @) gy < 1}

Lemma 2.1. [9] Let Q be a bounded domain in R". The space (LP()(Q), ll-llp¢)) is a Banach space, and its conjugate
space is L10)(Q), where q(x) + = 1. For any f € LPO)(Q) and g € L) (Q), the generalized Holder inequality

holds

p(x)

1 1
|/ fgda| < (—=+ —=)flsrl9llacy < 20 f oy 9lac)-

Q p q

The relation between the modular [, | f |P(*)dz and the norm follows from
mm(”f”,,( " Hf”p( y) = /Q ‘f|p(m)d$ < max(”fH, ||f||p( ))
The variable-exponent Sobolev space W'*()(Q) is defined by
WhPO(Q) = {u € LPY)(Q) : Vu exists and |Vu| € LPO(Q)}.
This space is a Banach space with respect to the norm
[ullwrrer @) = lullpey + [Vullpe.-

Furthermore, let Wol’p(')(Q) be the closure of C§°(2) in WP (Q) with respect to the norm [jul|; ,.). For u €

Wol’p (')(Q), we can define an equivalent norm
[l pe) = 1Vellpe)-
Let the variable exponent p(-) satisfy the log-Hélder continuity condition

, for all x,y € Q with |x —y| <4,
|- y\

p(x) = p(y)

|_log

where A >0 and 0 < § < 1.
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Lemma 2.2. (The Poincare inequality) Assume that Q is a bounded domain of R"™ and p(-) satisfies log-Hélder

condition, then
lullpz) < Cull Vuullpizy, for all u e Wol’p(')(ﬂ),

where C, = C(p~,p™,|Q]) > 0.

Lemma 2.3. Let p(-) € C(Q) and ¢ : 2 — [1,00) be a measurable function that satisfy

ess inf,q(p" () —q(x)) > 0.

Then, the Sobolev embedding W,"* (m)(Q) < L9®)(Q) is continuous and compact. Where

p*(.’ﬂ) — n—p-—’ if p7 <mn,
0, if p~ > n.

If in addition p(-) satisfies log-Hélder condition, then

np(x) ;
p(z) = n—p(x)’ 1f p(z) <n,
00, if p(z) > n.

We sometimes use the Young’s inequality

/ 1 1
ab < §a?@ 4+ C5(x)p? @, a,b>0, §>0, —— + = =1,
g(z) ~ ¢'(z)
a(z
where Cs(z) = q,(lm) (6q(z))~ T . In special case when 6 = ﬁ, we have from ((2.2))

ad@)  pd' (@)

We set
V={veW®nHY(Q)}:v=0o0n o0}

The energy function is defined as

Va2

B() = il + 50— [ o)) |VulP + 5o © Vue) +

_
2(r+1)
1 b 1 2 1
+a/ —— | VuP @ e + — /— VulP® dz —/ ——|u|1®) d,
o g V) -

(g Vu)(t) = /0 g(t —s) /Q(Vu(s) — Vu)?dxds.

where

(2.1)

(2.4)

Now, we first state a well-known lemma that will be needed later to prove the asymptotic stability result for

problem —.

Lemma 2.4. [I5] Let E: R — R* be a nonincreasing function and assume that there are two constants v > 1 and

A > 0 such that N
/ EOTD2()dt < AE(S), 0< 8 < +o0,
0

cE(0)(1+ )XY >0, if y>1,
cE(0)e ™t t>0, if y=1,

=
=
A IA

where ¢ and w are positive constants independent of the initial energy E(0).
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For the sake of completeness, the local existence result for the problem ((1.1)-(1.3) is stated without providing the
proof. Indeed, by using the Faedo-Galerkin method and a combination of the works [II 2, [19], one could prove this
Theorem.

Theorem 2.5. (Local existence and monotonicity of energy) Let us assume that (A1) and (A2) hold. If uy € H}(2)
and u; € L?(Q), then problem (T.1)-(T.3]) possesses a unique weak solution in the case

ue L=((0,T), H*(Q)NV), u, € L((0,7), L™V (),

Uty € L™ ((Oa T)7 L2(Q) N W—l,m/(r) (Q))7
where % + ﬁm = 1. Moreover, for any solution of problem (1.1))-(1.3) the energy functional along the solution
satisfies

() < (g © Vu)(t) — [Vul?" /Q g dr < 0. (2.5)

N | =

3 Global existence

In this section, we are going to prove the global existence of solutions for the problem (1.1))-(1.3)). For this goal,
we define the following functionals to obtain the potential well.

t 2
I(u(t)) :(1—/ g(s)ds)HVqu—k(g@Vu)(t)—|—HVuHQ(TH)—Fa/ |Vu|p(””)dx+b</ |Vu|p(g”)dx> —/ |u|1®) .
0 Q Q Q
(3.1)

1 t 1
_t_ 2, L 2(r+1)
Hutt) =50~ [ a@as)|Vul? + 500 Va)t) + g5 IVl
1 b 1 2 1
+ a/ —|VulP®dy + — (/ ——|Vu p(x)dx) —/ — |u]f®) gy, 3.2
o @) 2 o p o @) (32)
From the definitions (3.1)) and (3.2)), we have
1

B(1) = Ju(t)) + 5wl (33

Lemma 3.1. Under the assumptions of Theorem we assume that I(u(0)) > 0,
q~ > max{2(r + 1), 2(p*)?} and moreover,

- _ +_

where C, is the best embedding constant of H{(Q) < L1)(Q) and

T -2 ¢ =2(r+1) alg” —p") blg~ —2(p*)?)
2¢ 7 2 (r4+1) 7 ptem T 20p1)%q

1.

B := min{ 4

Then we have
I(u(t)) > 0, for all t € [0, 7).
Proof . By using the continuity of u(t) and since I(u(0)) > 0, thus there exists a time T* < T such that

I(u(t)) > 0,for all t € [0,T7].
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Now, under (A1) and from the definition of J(u(t)) in (3.2), we deduce that

||2(r+1)

Tutt) 2501~ [ g)ds)|Vul? + 1<g®w>() + 5o
_;_7/ \Vu|p(”’)dx+ </ |Vu|p(”)da:> _qi*/g‘uw(x)dx'

From definition of I(u(t)), we obtain

l\')

g —2 - o1y, alg” —pF) / (@)
o Vu)(t) + ————2[|Vu + —_— VulP'** dx
- = (90 Vu)(t) + S IVl 2 | vl

+b(2(p—+§<</ | V(@) dx) +—I( (t)-

Jt) 2520 [ " g(s)ds) [Vl + ¢ —20r+l)
0

Thanks to the assumptions of Lemma, since ¢~ > max{2(r + 1), 2(p™)?}, therefore we get

t 2 1
5(0) 28((1 - [ sas)IVull + (g © T + Va2 4 [ (9o s ([ [9up@a)) + Lrato)
0 Q Q
2
zﬁ(znwn2 + (g © Vu)(t) + ||Vl 2D +/ |VulP@® dz 4 </ |Vu|p(’”)da:> ) (3.5)
Q Q
where (A2) has been used and

§emmin(d =2 € 2+ ale” —ph) Ma =200,
| 2¢- 7 2¢(r+1) " ptg T 20t T

Inequality yields
U[Vul? < 871 (u(t)) < B71E(t) < B71E(0),

and therefore we have E(0)
Vul? < —=2.
IValP < =5

At this point, we shall prove that I(u(t)) > 0, V¢ € [0,T*]. For this purpose, suppose that C, is the best embedding
constant of Hj(Q) < L10)(Q), we have

q” qt
/|u|q<w>dx<max{</ |u|q<w>> 7 (/ |u|q(w>> )
Q Q Q

<max{CY [|Vul|", CZ"[|Vul|""}
- -_ + +_
=max{CI |Vu|? ~2, CI" |Vl ~2}||Vul?

(3.6)

gt -2

C(EO\T i (EO)) )
<max(cy (Z0) 7 ep (B) T v,
which implies
/ 1@ dz < 50| V. (3.7)
Q

and therefore by virtue of (3.1]) and (3.4)), we deduce
I(u(t)) >0, Vtel0,T7].

By repeating this procedure T extended to T" and proof of Lemma is completed. [J

Theorem 3.2. Let u(z,t) be the local solution of (1.1))-(1.3). Under the assumption of Lemma u(z,t) is global.
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Proof . By virtue of (3.3) and (3.5, we obtain
1
E(t) =gllull* + T (u(t))

1 2
22ut|2+ﬂ(l|Vu2+(g®Vu)(t)+||Vu|2(T+1)+/Q|Vu|p(z)dx+(/Q |Vup(””)dx) ).

From the fact that

2
Joal? + 19l + (g 0 Fu)0) + [Vl ¢ [ [wurao s ([ vapea) <500 e
Q Q

Hence by attention to the nonincreasingness of E(t), we have

IN

2
el + [[Vull2 + (g © Vu)(#) + [Vul 20D + / |VulP) da: + (/ lvu”“)dﬂ”)
Q Q

and this shows that the local solution wu(z,t) of (L.1)-(L.3)) is global and bounded. O

4 Asymptotic stability result

This section aims at proving the asymptotic stability of the global solutions of ([1.1)-(1.3]). To prove this result, we
establish the following Lemma:

Lemma 4.1. Assume that assumptions of Lemma hold. Then for any solution of (|L.1])-(1.3)), there exists v; > 0
such that

/ u[™® dz < 31| V. (4.1)
Q
Proof . By using (A2), (3.6) and embedding H}(Q) — L™()(Q) with the constant C,,, we have

m- m*
/ u|™®) dz < max{ (/ |um(£)dx) , (/ |u|m(m)da§) }
Q Q Q

<max{C [|Vul|™, Cm V™)
—max{C [|Vu|™ 2, Cm [ Vul|™ 2|Vl

m_ =2 mt—2
- (E© 2 + (E 2
cun(ey (52) 7 ow (B2) T vl

S'Yl”quQ’

and therefore the proof is completed. [J

We are in a position that states and prove the main result:
Theorem 4.2. Suppose that the assumptions of Lemma 1/hold. Moreover, we assume that 7 is sufﬁc1ently small and
b >b]1) (1 — o) where 7y (c.f. . ) satisfies 70 < 5 ,Bl +1 Then the solutions of problem (1.1] are asymptotically
stable.

Proof . Multiplying equation (1.1)) by E(¢)*u and integrating it over Q x (S,T), we obtain

{E(t)a/guutdx}’Z—oz/STE(t)a_lE'(t)/Quutdatdt—/STE(t)aHut|2dt

T T t
n / B Va2 d + / E()*(1 - / o(5)ds) | Vul%dt

—I—a/ E(t /|Vu|”(’”)d:cdt—/ E(t /|u|q(’”)dxdt
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+b/ E(t /—)|Vu|p(I)dx /|vu|1’ ) da) dt

—/ E(t)o‘/ g(t—s)/ Vu(Vu(s) — Vu)dzdsdt
S 0 Q
T

- / E()*||Vul?> / g |™ 2wy dadt = 0. (4.2)
S Q

Now, we add and subtract the following term in (4.2))

t

T
[ B@® (00 + Dllul + 0] [ g(s)ds)[Ful? + g Tu)(e)
S 0
W20 4 g [ 19ulP® da P d)?
Il [ [Fupde ([ [V ©de?] ar

then, by using (3.1), we obtain

(1 -0 / B (el + [ ful"do + 1))

—(2-0) /S B0)" Pt~ [ "By (- tg(s)ds) |Vt

T

T
=0 [ B@T IV e+ (1= 50) [ B0 g0 Va) o

~ /S " By /Q IVl dsdt + /S " By /Q ]9 ddt

v [ om0 ([ wwxfdt

- [E(t) /uutdﬂc +a/ E(t)*'E/(t )/Quutdxdt

o ([ o) ([t

- /S BVl [ | 2udade

+ / TE(t)a /O t gt — s /Q Vu(Vu(s) — Vu)dedsdt. (4.3)

S

Thanks to the assumptions (A1) and (A2), we deduce that
T T
e / B0 (| @+ 1u(v) )t <2 50) [ O e =0l [ B0 [Vl

—70/ E(t)° ||Vu||2<T+”dt+<1—%/ E()° (g © Vu)(t)dt

—a%/ E(t /|Vu|p(“”)dmdt—|—/ E(t)o‘/ |u| 9@ dzdt
S Q
2
+(1- ——/ Eta</ Vup(””>dx) dt
(1=0- ) [ 5w ([ 1vu

T T
- [E(t)o‘/ uutdx” —I—a/ E(t)o‘_lE’(t)/ uugdxdt
Q s s Q
T
7/ E(t)anvun?r/u|ut\m<w>*2utdmt
s Q

T t
+/S E(t)"‘/o g(t—s)/QVu(Vu(s)—Vu)da:dsdt. (4.4)
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By using the assumption of Theorem i.e b > pT(1 — ) and inequality (3.7)), we get
o) [ B (el + [ s + 1oy
T
<@~ ) /S B fulPdt +20(1 =) [ B [Tl
T T
0 [ B@VuPC I+ (1) [ B0 g © Ve
s s
T T
- [E(t)o‘/ uutdx” +a/ E(t)o‘*lE’(t)/ uuydzdt
Q S s Q
T
_/ E(t)auvuu?r/u|ut|m(x>—2utdxdt
s Q

T ¢
+/S E(t)o‘/o g(tfs)/QVu(Vu(s)fVu)d:cdsdt. (4.5)

At this point, we estimate the last four terms on the right-hand side of (4.5). Firstly, by using Holder, Poincaré
and Young inequalities, and since E(t) is a nonincreasing and nonnegative function, we obtain

| — [E(t)o‘ /Q uutdx] ’Z|

B(S)° /Qu(m,S)ut(x,S)dx—E(T)o‘ /Q w(z, T)uy(x, T)da]

< E(S)“ /Qu(x,S)ut(z,S)dx—/Qu(x,T)ut(x,T)dx’

< s>a[||u<x ). ) + e, T) e, T

< (S)a-i-l

< GL1E(0)*E(S)

< GLE(S), (4.6)

where (3.8]) has been used. Also, we have

T T
a—1p a a—1p ull? w||?
o [ BB @ [ wndsat| < 5 [ EOT O + ol
T
< o [ Borpo)u
cy (T N

=~ | amer
= S EE - B
< O3B(S)*H
< C3E(0)*E(S)
< CLE(S). (4.7)

Moreover, by using Holder, Poincaré and Young inequalities, we get

| /S "B /0 ot —s) /Q Vu(Vu(s) — Vu)dadsdt| < /5 " By /0 “olt—s) /Q Vu(Vu(s) — Vu)dads|dt

T
< [ B (ot vl + %f@ev )(0)d

—’Yol/ B()°||Vul dt+—/ E()°(g© Vu)(t)dt. (4.8)
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On the other hand, by using Holder, Poincaré, Young inequalities, Lemma [4.1] and (2.5), we obtain for any &y > 0:

T T
‘/ E(t)a||vu||2r/u\utm(@—?utdxdt‘ g/ E)°|[ V|
S Q S
T
g/ E(t)anvun?r(ao/ \U|M<m>dz+/ C’go(x)|ut|m(z)dx)dt
S Q Q

T T
gs(m/ E(t)a||Vu||2(’“+1)dt+€5o/ E(t)"‘HVuHQ’"/ | it
S S Q

/ u|ut|m(x)_2utd$‘dt (4.9)
Q

T T
<Gom / B2 Va2 dt + T, / B(t)(—E/(t))dt
S S
C S
_5071/ E@)%||Vul?"+Ydt + +1/ d(E(t)*H)

T
<dom / E@)*||Vul?"tVdt + C5E(S)>T!
S
T
<Som1 / E(t)* Va2 dt + CsE(0)*E(S)
S
T
<Som1 / B2Vl 2 dt + CoE(S), (4.10)
S

where Cs, is an upper bound of Cj, (z) = % (dom(x))” T Utilizing (4.6 into (4.5) and setting dp :=
then we have

T T
(1 - 0) / 20 (el + / ") de + I(u(1)) ) dt <(2~0) /S E(6)° Ju|[2dt + 0 /S E(t)° | Vul%dt

+(1+1—717 )/TE(t)a( © Vu)(t)dt + C7E(S), (4.11)
20l Yo ; g 7 ) .

where inequality (3.7) and the assumptions of Theorem about 7o and p* have been used. Therefore, by using the
definition of E(t), inequality (3.8) and since &(¢) is a positive differentiable function, we deduce

T J—
21— 70— 2 / Bt < 2= 0) [ E@ P+ (14 5 =) / E()°€(t)(g © Vu)(t)dt + CrE(S).
s
(4.12)
At this point, we estimate the first term on the right hand side of (4.12]). For this goal, by using the inequality
(3.6) we have
E0)\"
IVull?r < (5(1)> , (4.13)

thus, by using (2.5)), (4.13) and for sufficiently small r (r < 5-), we obtain

(2—70)/3 E(t)”‘HutH2dt S(?—'yo)/s E(t)® (/Q |ut|2dx+/9 thdx> dt

<Gy /STE(t)a[ (/Q |ut|m+daj>mz+ + (/m ut|mdx>m]dt

2

T e =
gcg/ E(t)“[ (/ |ut|m(”)dﬂc> + (/ |ut|m<“f)da:> }dt
s Q_ Q.

2

m

2r mt 2r
<08/ E ||Vu|| /| |m(ac)d + ||Vu|| /l |m(9c)dx }dt

E (0)

<Cg/ E@t)* (—FE'(t ))m+ dt+Cg/ E@t)* (- E’(t))th. (4.14)
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Thanks to the Young’s inequality, we get for any ¢ > 0

[ por -poy

We take oo = m+2—2 to find

2(at1)

a+1 1 ’ / o=
(1) dt+m/s (B () .

T
/ B (—F' ()77 dt <gcm/ B+ dt + C. m+/ (—E'(1)) dt
s
T
gst/ E@®)*tdt + C. ;u+ B(S). (4.15)
s
On the other hand, if m~™ = 2, then we have
T
/ E(t )) m= dt = / E@t)* (—FE'(t))dt < C.E(S).
s
Moreover, if m™ > 2, then by using the Young’s inequality, we obtain
T
/ B (—B ()7 dr <2 —2) / B2 ar+ 2 / (—E'(1)) dt
S
<eCyy / E(t)= = dt + C. - B(S), (4.16)
s

it is easy to see that n‘i‘T_} =a+1+ m":::”; (note that we had o = m+272), thus the inequality (4.16)) can be rewrite
as

nt —m
/ Bt )R dt <5C'11/ E()* T E(t) 5 dt + C..p E(S)
mt —m— T
<eC11E(S) m 2 / E@t)*tdt + C. .- E(S)
s
T
<eChy / Et)*tdt + C. .- E(9). (4.17)
s
By combining (4.15) and (4.17) with (4.14 -, we obtain
T
(2—70)/ E(t)||ug||?dt gsClg/ BEt)*Tdt + C.E(S), (4.18)

where C; = max{(2 — v)C: -, (2 —7)C¢ m+}. Now, by using the condition (A1), we have

/S B0 €(o)s © V)it < | " B (—g' @ V)t

/ B(t (t)) dt
a+1

SE( ) E(S)
<CuE(S). (4.19)

Finally, suppose that ¢ is sufficiently small and since vy < 2; ~1» thus by utilizing (4.18)) and ( into the
inequality (4.12)), we get

/ Bt <Oy E(S), (4.20)
S

Now, if we choose a = 0, then we have v = 1 and A = Ci5 in Lemma [2.4] and therefore, by letting T' goes to
infinity, we get the result.

mt—2

Moreover, by choosing o = #5—= = “’771 (m™* > 2), then with v > 1 hypotheses of Lemma hold and the proof of
Theorem is completed. OJ
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5 Blow-up

In this section, we shall prove the blow-up of solutions with positive as well as negative initial energy. Under an
appropriate range of initial data and variable exponents, we show that there exists a finite time ¢* such that any local
solution of the problem (1.1)-(1.3) blows up at this time, that is

lim u(x,t) = 4o0.
t—t*
The following Lemma will be used in the proof of blow-up results:

Lemma 5.1. Assume that assumptions of Theorem hold. Moreover suppose that for sufficiently large ¢—, we have
I(u(t)) < 0. Then for any weak solution of ([1.1)-(1.3]), there exists a constant vy > 1 such that

/Q ™) d < | V2. (5.1)

Proof . By using (A2) and embedding H{(Q) < L™()(Q), one could easily get the inequality (5.1]) with positive as
well as negative initial energy similar to Lemma [4.1] O

5.1 Blow-up with positive initial energy
Our blow-up result for problem (1.1))-(1.3]) with positive initial energy E(0) > 0 reads as follows:
Theorem 5.2. Let u(z,t) is a local solution of problem (L.I))-(1.3) and the conditions of Theorem [2.5| hold. Moreover,

suppose that E(0) > 0 (maybe sufficiently large) and
(B1)

max{?’ (7"+ 1)(m7 +72)7 (p+)2} < mT < %7

m p

/ ug(x)uy (z)dz > m*TCLE(0) > 0,
Q

Then there exists a finite time which the solutions of problem (1.1))-(1.3)) blow up at this time.

Proof . Suppose that u is a global solution of the problem (|1.1)-(1.3)). Let define
At) = / uugd. (5.2)
Q
Differentiate (5.2]), we get
At) = Jjul? Jr/ wugpdx

Q

t
— JulP = (1= [ o)) Val? = Va4~ a [ s

0 Q

1 t

—b(/ —|Vu|p(z)dcc)(/ |Vu|p(x)dz) +/ g(t—s)/ Vu(Vu(s) — Vu)dxds
Q Q 0 Q

p(z)
f||Vu||2T/Qu|ut\m(m)72utdxJr/Q|u|Q(z)dx. (5.3)
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By using definitions of A(t) and E(t), we have for any §,e > 0:

Al(t) > 6(A(t)—€E(t))—6/Quutdm+(1+%€)HUt||2

#G = = [ g@aIval + (g

ta (;—i —1)/ V@ dz + b (;fi)z —p%)(/Q\Vu\p(z)dx)Q
17— /|u|q<$)d:c+/ (tfs)/ Vu(Vu(s) — Vu)dzds

e
+—@@wmwwww”/uwww 2y,d,
Q

— )|Vl P+

2

(5.4)

where condition (A2) has been used. At this point, by using the Holder and Young inequalities, we estimate the terms

on the right hand side of (5.4]) as follows

t
1
/ gt — s)|/ Vu(Vu(s) - Vaydslds < (1 - 1)|Vul® + 1(9 © Vu)().
0 Q
Also, by using (5.1)) and (2.5]), we have

T 1 m(x m(z) — 1 m(xz
el </sz m(fc)'u' et 0 f'”L()ﬂc) i de)

1
IValP [ Jus"da
Q

mt —1

IN

IVl [l s
Q

< 2wyt 4 1
m

< vl - E'(t).
m

Combining (5.5) and (5.6) with (5.4] ., we deduce
oel

Aﬁ)zamw—wwwqéwmﬁu+ﬁmw2cg—nww2
oe
2(r+1)
de 1
+b(

de
bl — — /Vup(m)de 1-— / ul 7@ dz
2(pt)? Pf)( QI | ) ( q- ) Q| |

+ /Otg(t —5) /Q Vu(Vu(s) — Vu)dzds

be 1 mt —

+(§ - 1)(9 © Vu)(t) +

ooy — 22~ DIVl +a(o 5 - ) [ [Fuptlda
m Q

Ipt

Lpe),

(5.5)

(5.7)

where the fact that 1 — fo s)ds >1— fo s)ds = I, has been used. Now if we choose de := 2m™, then we obtain

, 2mt 2m™*
() =2 () - ey - 2

mT —1_,
TE(W

/ wtdz + (m* + 1lue]l? + (Im* — 1) Vul]? +
Q
where (B1) has been used. On the other hand, by using Cauchy-Schwartz and Young inequalities, we have

e(lm*™ —1) m*+C?
|/Q wugdr| < WHU\P + WHWH

Thus by using Poincaré inequality, we have

2 +\2 2
%\ wedz] < (Im* — 1) [ Va2 4 -7 ) Cs

_mT)CE 2
Q B e2(lmt — )H el

(5.8)
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Now we choose ¢ := m*C,, then we get

2mt
i\/ uurdx|
€ Q

where we used this fact that if m*™ > ? then (Im* —1)"! < Im* +1 <m™* +1. Applying (5.10) into (5.8]), we obtain

IN

1
+ 2 2
(Im™ = D[[Vul® + mHUtH

IN

(Im™* = )| Vu|? + (m™ + 1) |Ju||?, (5.10)

Al(t) > i(A(t) —mTCL.E(t) + m - 1E’(t)
- O* * m+ 9
Therefore it is easy to see that
/ + / + m" =1, 2 +
At)—mTCE'(t) > —(m™Cy— — VE'(t) + E(A(t) —mTCLE(t))
> Z(A@) - mTCLE(),
Now if we set H(t) = A(t) — mTC.E(t) then we have
H'(t) > CiH(t). (5.11)

By (B1), it holds that H(0) = A(0) — m*C.E(0) > 0. Therefore, by (5.11]), we conclude that
H(t) > 2= T H(0), Vit >0,

this shows that if time goes to infinity then H(t) grows exponentially. From definitions of H(t) and A(¢), it is easy to
see that

C? 1
IV7all® + Zllue] (5.12)

H(t) = A(t) —mTC.E(t) < / uurdr < 5
Q

Thus inequality (5.12)) shows that since H(t) grows exponentially then must |Vul|| or ||u:|| grow exponentially.
Monotonicity of energy yields

1

B0) =B = 5 [ (¢ 0 Vo@is+ 5 [ g@IVuts)Pas+ [ 1Vl [ i) @des (513

thus by (A1) and assumption of Theorem [5.2|that 0 < E(¢) < E(0), therefore we obtain from (5.13)
t
/ ||vu||2’“/ lug ()™ dads < E(0). (5.14)
0 Q

Finally, since m(z) > 2, we have
t
/ HVuHQT/ |ug|*dzds < C3E(0), (5.15)
0 Q

which contradicts the previous result that ||Vu|| or ||u]| are exponentially growing. Therefore there exists a finite time
T* such that solutions of problem (I.1))-(T.3) blow up and proof of Theorem [5.2]is completed. [J

5.2 Blow-up with negative initial energy

At this point, we shall prove the blow-up of solutions for problem — when the initial energy is negative.
For this goal, we make the following condition on variable exponents:
(B2)
2(p")?

max{ ,2(7"+1)(1+%)}<m+ <q .

Now, we are in a position to state and prove our blow-up result.
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Theorem 5.3. Let the assumptions of Theorem and (B2) be satisfied and assume that E(0) < 0. Then the
solution to the problem (|1.1)-(1.3)) blows up in finite time 7™ such that for a positive constant

1-6

s ——7p—0,
N0y 7=7(0)

IN

where 0 < 6 < 1, and ¢ is sufficiently small such that

Proof . Define H(t) =

U(t) = (—E(t)? +s/ uuyda.
Q
—E(t) and thus by using (2.5)), we arrive at energy relation

H'(t)=—-E'(t) = ||vu||21/ || ®) dz > 0. (5.16)
Q

Since E(0) < 0, then (5.16) gives H(t) > H(0) > 0. Also

Define

1 1
/ —|u|q @) da < i/ |u|?®) dg. (5.17)
o q(2) qa Ja
Y(t) = H' O (t) +6/ uurdz, (5.18)
Q

where 0 < § < 1 and ¢ is sufficiently small. By taking a derivation of ([5.18)) and using equation (|1.1)), we obtain

() =

Utilizing (A1) gives

(1—Q)H*O(t)H’(t)+e||ut|\2+5/ g dz
Q

1

(1= H () H'(t) + eljue||> — eM (| Vul|?) || Vu|?® — ¢ (a + b/ |Vu|p(””)dx> / | V[P da
Q Q

p(x)

t
+5/ g(tfs)/ VuVu(s)dxder&t/ |u\q(z)dx75cr(|\VuH2)/ g™ 2 d.
0 Q Q Q

W (#) >(1— O H O H ) + el — (1 + [ Vul2) [ Val]? - sa/ Vuf@dg — 2 / [Vl de +€/ ]2 iy
Q

t
+€/ g(t—s)/ VuVu(s)dxds—ea(HVuHQ)/u|ut|m(”’)_2utd$. (5.19)
0 Q Q

Using the definition of H(¢), it follows

—emTH(t)

Y

5m+

em™ t em™
JualP+ T (1= [ s Vul? + Z5-(g 0 V)

em™b 1 2
+eam™ / VulP@ dz + / —— | VulP ™ da
| | 2 ( Q p(x)' | )

—em* —|u\q<ﬂ”>dac+—5m+ 2
q q(x) 2(r+1)
em™ em™ t em™
-l + 51 = [ () vul + (g © Tu)e)

+ +b
+ a/ IVup@dz + 2 (/ Vufp@ dx)
pt ( +)?
_emt /|u|‘1(*)dx—|—

w 2(7+1) i
50+ )||V | (5.20)
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where the condition (A1) has been used. By combining ([5.20) and (5.19)), we arrive at

Y(t) > emPH@U)+ 1 —-0)H(t)H (t) + M||ut|\2 + <5";+l - s> [Vul? +¢(

. 1) [Vl 2

m+
20r+1)
+ +
+€a(7;— - 1)/ VPP de + (g © Tu) (1)
+
+€b( ST / | V[P da;) +e(l—— / |u|9®) da:

t
—|—5/ g(t —s) VuVu(s)dxds—ea(HVuW)/ g 2 de. (5.21)
0 Q o

To estimate the last two terms in (5.21)), by applying Hélder’s inequality, Young’s inequality, (5.1)), (A1) and (5.16]),
we obtain

s/ot g(t —s) /Q VuVu(s)dzds =e /Otg(t —5) /Q Vu(Vu(s) — Vu)dxds + s/otg(s)dsNqu

o, €(1=1) oo 2
<el||Vul|* + o (g Vu)(t) +e g(s)ds||Vul|
0

e(1-1)
4l

=¢||Vul]® + (g ® Vu)(t). (5.22)

and

C)— r 1 m(x m m(x
AVl [ ol 2udsl < vl ([ @ [ MO e
Q o m(z)
+ _
< 2 ywupe 4+ Ty / Jug )
m Q
_ EHV [20+D) ¢ DH/@) (5.23)
= - U T . .
Utilizing (5.22)) and ( into , we get
B e(mt —1 e(mt +2
W 2 et )+ - 0a om0 - U g ¢ O,
1 2 m* 2 2
A 2 1 (r+1)
+€< 5 )||Vu| +5<2(T+1> 2 1) [Vl
€ L 1= p(x)

+sb<2( 1_> (/ V) ) +6(1—T;—_)/Q|u\q(w)dx. (5.24)

At this point, applying (B2) into (5.24) to obtain

e(m*™ —1)

V() > em™H(t) + (1 - 0)H () H'(t) — s

H'(t). (5.25)

Thanks to (5.16) and the definition of H(t), there exists a positive constant K (specified later) such that
H'(t) = —E'(t) < KH™(t)H'(t),
substituting this inequality into (5.25) and since H(t) > 0, we arrive at

ql,/(t)z [1_9_5(m+7—1)

— K|H () H'(t). (5.26)
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At this moment, by choosing K large enough and picking ¢ sufficiently small such that 1 — 6 — E(mTt:DK >0, we
consequently get

W(t) > (0) = H79(0) + 6/ uourde >0, Vi¢>0.
Q

Suppose that C is a generic constant. By using the Holder and Young inequalities, we have

1 . 1 _
I/QUUtdﬂﬂ\ﬂ < Clfull )= Mlue| =) < C(llullf- + uel® + H(2)). (5.27)

Combining (5.27)) with (5.18]), we obtain for some 1 > 0

W (1) :[Hl’e(t) +€/ =

Q
SQl%ﬂ (H(t) +€ﬁ\/ uutdx|1+9)
Q

<CO(lully- + luell® + H (1) <0~ 10" (1),

uutdx]

therefore .
W(t) = T (2). (5.28)
Integrating (5.28]) from 0 to ¢, we deduce
0 1
PI(t) 2 —
vTTE(0) - 125
This shows that solutions blow up in finite time t* = —5%— and proof of Theorem has been completed. [J
nfy 1=9 (0)

Acknowledgments

The authors would like to thank the referee for his/her valuable comments and corrections which improved this
work.

References

[1] S. Antontsev, J. Ferreira and E. Pigkin, Ezistence and blow up of solutions for a strongly damped petrovsky
equation with variable-exponent nonlinearities, Electron. J. Differ. Eq. 2021 (2021), no. 6, 1-18.

[2] S. Antontsev, J. Ferreira, E. Pigkin and M.S. Cordeiro, Fuzistence and non-existence of solutions
for Timoshenko-type equations with variable exponents, Nonlinear Anal. Real World Appl. 61 (2021),
10.1016/j.nonrwa.2021.103341.

[3] S. Antontsev, J. Ferreira, E. Pigkin, H. Yiiksekkaya and M. Shahrouzi, Blow up and asymptotic behavior of
solutions for a p(x)-Laplacian equation with delay term and variable exponents, Electron. J. Differ. Eq. 2021
(2021), no. 84, 1-20.

[4] S. Antontsev and S. Shmarev, Evolution PDEs with Nonstandard Growth Conditions: Existence, Uniqueness,
Localization, Blow-Up. in: Atlantis Studies in Differential Equations, Atlantis Press, Paris, 2015.

[5] 1. Chueshov, Global attractors for a class of Kirchhoff wave models with a structural nonlinear damping, J. Abstr.
Differ. Equ. Appl. 1 (2010), 86-106.

[6] I. Chueshov, Long-time dynamics of Kirchhoff wave models with strong nonlinear damping, J. Differ. Equ. 252
(2012), 1229-1262.

[7] A.T. Cousin, C.L. Frota and N.A. Larkin, Global solvability and decay of the energy for the nonhomogeneous
Kirchhoff equation, Differ. Integral Equ. 15 (2002), 1219-1236.



On a viscoelastic double-kirchhoff-type wave equation 113

8]

[22]

23]

[24]

[27]

[28]

[29]

[30]

G. Dai and R. Hao, Ezistence of solutions for a p(x)— Kirchhoff-type equation, J. Math. Anal. Appl. 359 (2009),
275-284.

L. Diening, P. Hasto, P. Harjulehto and M.M. Ruzicka, Lebesgue and Sobolev Spapce with Variable Ezponents,
Springer-Verlag, 2011.

S. Ghegal, I. Hamchi and S.A. Messaoudi, Global existence and stability of a nonlinear wave equation with variable-
exponent nonlinearities, Appl. Anal. 99 (2020), no. 8, 1333-1343.

M.K. Hamdani, A. Harrabi, F. Mtiri and D.D. Repové, Ezxistence and multiplicity results for a new p(x)— Kirchhoff
problem, Nonlinear Anal. 190 (2020), 10.1016/j.na.2019.111598.

R. Tkehata and A.T. Matsuyama, On global solutions and energy decay for the wave equations of Kirchhoff type
with nonlinear damping terms, J. Math. Anal. Appl. 204 (1996), 729-753.

M.A. Jorge Silva and V. Narciso, Long-time dynamics for a class of extensible beams with nonlocal nonlinear
damping, Evol. Equ. Control Theory. 6 (2017), 437-470.

P.P.D. Lazo, Global solutions for a nonlinear wave equation, Appl. Math. Comput. 2008 (2008), 596—601.

P. Martinez, A new method to obtain decay rate estimates for dissipative systems, ESAIM Control. Optim. Calc.
Var. 4 (1994), 419-444.

SA. Messaoudi, On the decay of solutions of a damped quasilinear wave equation with variable-exponent nonlin-
earities, Math. Meth. Appl. Sci. 43 (2020), no. 8, 5114-5126.

S.A. Messaoudi and A.A. Talahmeh, A blow-up result for a nonlinear wave equation with variable-exponent non-
linearities, Appl. Anal. 96 (2017), no. 9, 1509-1515.

N. Nakao, An attractor for a nonlinear dissipative wave equation of Kirchhoff type, J. Math. Anal. Appl. 353
(2009), 652-659.

V. Narciso, On a Kirchhoff wave model with nonlocal nonlinear damping, Evol. Equ. Control. Theory. 9 (2020),
no. 2, 478-508.

K. Ono, Global existence, decay, and blow up of solution for some mildly degenerate nonlinear Kirchhoff strings,
J. Differ. Equ. 137 (1997), 273-301.

E. Pigkin, Finite time blow up of solutions of the Kirchhoff-type equation with variable exponents, Int. J. Nonlinear
Anal. Appl. 11 (2020), no. 1, 37—45.

M. Shahrouzi, Blow up of solutions for a r(x)-Laplacian Lamé equation with variable-exponent nonlinearities and
arbitrary initial energy level, Int. J. Nonlinear Anal. Appl. 13 (2022), no. 1, 441-450.

M. Shahrouzi, General decay and blow up of solutions for a class of inverse problem with elasticity term and
variable-exponent nonlinearities, Math. Meth. Appl. Sci. 45 (2022), no. 4, 1864-1878.

M. Shahrouzi, Global nonezistence of solutions for a class of viscoelastic Lamé system, Indian J. Pure Appl. Math.
51 (2020), no. 4, 1383-1397.

M. Shahrouzi, On behaviour of solutions for a nonlinear viscoelastic equation with variable-exponent nonlinearities,
Comput. Math. Appl. 75 (2018), no. 11, 3946-3956.

M. Shahrouzi, J. Ferreira and E. Pigkin, Stability result for a wvariable-exponent wviscoelastic double-
Kirchhoff type inverse source problem with nonlocal degenerate damping term, Ricerche Mat. (2022).
https://doi.org/10.1007/s11587-022-00713-5

M. Shahrouzi and F. Kargarfard, Blow-up of solutions for a Kirchhoff type equation with variable-exponent non-
linearities, J. Appl. Anal. 27 (2021), no. 1, 97-105.

M.T. Taniguchi, Fxistence and asymptotic behaviour of solutions to weakly damped wave equations of Kirchhoff
type with nonlinear damping and source terms, J. Math. Anal. Appl. 361 (2010), 566-578.

Z.J. Yang, Long-time behavior of the Kirchhoff type equation with strong damping in RY, J. Differ. Equ. 242
(2007), 269-286.

H. Zhang, D. Li and Q. Hu, General energy decay of solutions for a wave equation with nonlocal nonlinear damping



114 Shahrouzi, Ferreira, Pigkin

and source terms, Chin. Quart. J. Math. 35 (2020), no. 3, 302-310.

[31] H. Zhang, D. Li, W. Zhang and Q. Hu, Asymptotic stability and blow-up for the wave equation with degenerate
nonlocal nonlinear damping and source terms, Appl. Anal. 101 (2020), no. 9, 3170-3181.



	Introduction
	Preliminaries
	Global existence
	Asymptotic stability result
	Blow-up
	Blow-up with positive initial energy
	Blow-up with negative initial energy


