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Abstract

In this article, we extend some recently fixed point theorems in the setting of G-fuzzy metric spaces. We introduce
some new concepts of contractions called -contractions and y-weak contractions. We prove some fixed point theorems
for mappings providing ~y-contractions and ~-weak contractions. On the other hand, we consider a more general class
of auxiliary functions in the contractivity condition.
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1 Introduction

Fixed point theory is a very important concept in mathematics. In 1922, Banach created a famous result called
Banach contraction principle in the concept of the fixed point theory which states sufficient conditions for the existence
and uniqueness of a fixed point[I].

There are two well-known extensions of the notion of metric space in which imprecise models are considered: fuzzy
metric spaces (see [I1]) and probabilistic metric spaces [3| [I4] [I5]. The two concepts are very similar, but they are
different in nature. The concept of a fuzzy metric space was introduced in different ways by some authors (see [2] 4]).
Gregori and Sapena [4] introduced the notion of fuzzy contractive mappings and gave some fixed point theorems
for complete fuzzy metric spaces in the sense of George and Veeramani, and also for Kramosil and Michalek’s fuzzy
metric spaces which are complete in Grabiec’s sense. Mihet [8] developed the class of fuzzy contractive mappings of
Gregori and Sapena, considered these mappings in non-Archimedean fuzzy metric spaces in the sense of Kramosil and
Michalek, and obtained a fixed point theorem for fuzzy contractive mappings. Lots of different types of fixed point
theorems has been presented by many authors by expanding the Banach’s result, simultaneously (see [16} [17]).

In recent times, many fixed point theorems have been presented in the setting of probabilistic metric space (X, F, *)
in which F is a distance distribution function. Many of them have been inspired by their corresponding results on
metric spaces. One of the most attractive and effective ways to introduce contractivity conditions in the probabilistic
framework is based on considering some terms like in the following expression:

1

W*l, where x,yGXandt>0,
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(see [5, I3]). For instance, in [7], Kutbi et al. stated the following result (where ® and ¥ are appropriate collections
of auxiliary functions that we will describe in Section 3).

Theorem 1.1. (Kutbi et al. [7], Theorem 2.1) Let (X, F, x) be a G-complete Menger space and let f: X — X be a

mapping. Assume that there exist a constant ¢ € (0,1) and two functions ¢ € ® and ¢ € ¥ satisfying the inequality
1 1

- 1<

P fu (@) = Fay o)

for all z,y € X and all ¢t > 0 such that F(z,y,¢(t)) > 0. Then f has a unique fixed point.

-1,

In 2005, Z. Mustafa and B. Sims introduced a new class of generalized metric spaces (see [9, [10]), which are called
G-metric spaces as generalization of metric space (X, d), to develop and to introduce a new fixed point theory for a
variety of mappings in this new setting, also to extend known metric space theorems to a more general setting.

In this work, using a mapping v : [0,1) — R we introduce some new types of contractions called y-contractions and
~v-weak contractions. Later, we prove some fixed point theorems for mappings providing y-contractions and y-weak
contractions in non-Archimedean G-fuzzy metric spaces. Also, some examples are supplied in order to support the
usability of our results. On the other hand, we consider a more general class of auxiliary functions which generate
some contractive conditions, and we show that the function ¢ — 1/t — 1 (which appears in many fixed point theorems
in the fuzzy context) can be replaced by more appropriate and general functions.

Before proving our main results, we recall some basic definitions and facts which will be used later in this paper.

Definition 1.2. [I4] A binary operation = : [0,1] x [0,1] — [0,1] is called a continuous triangular norm (in short,
continuous ¢-norm) if it satisfies the following conditions:

(TN-1) * is commutative and associative,
(TN-2)

(TN-3) *(a,1) = a for every a € [0, 1],

(TN-4) *(a,b) < *(c,d) whenever a < ¢, b<d and a,b,c,d € [0,1].

* is continuous,

Definition 1.3. [I7] A G-fuzzy metric space is an ordered triple (X, G, *) such that X is a nonempty set, * is a
continuous t-norm, and G is a fuzzy set on X3 x (0, 00), satisfying the following conditions, for all s,t > 0:

(GF-1) G(z,x,y,t) < 1 for all z,y € X with z # y,

(GF-2) G(z,x,y,t) < G(x,y,2,t) for all z,y,z € X with y # z,

(GF-3) G(z,y,2,t) =1, then z =y = z,

(GF-4) G(z,y,2,t) = G(p(z,y, 2),t), where p is a permutation function,
(GF-5) G(z,y,z,t + s) > G(z,a,a,s) *x G(a,y, z,t) for all z,y,z,a € X,
(GF-6) G(z,y,2,.) : (0,00) = [0,1] is continuous.

If, in the above definition, the triangular inequality (GF-5) is replaced by
G(z,y, z,max{s,t}) > G(x,a,a,s) * G(a,y, z,t)
for all z,y,2,a € X and s,t > 0, or equivalently,
G(z,y,2,t) > G(z,a,a,t) * G(a,y, z,t) (1.1)

the triple (X, G, x) is called a non-Archimedean G-fuzzy metric space [6].

Example 1.4. Let X be a nonempty set and let G be a G-metric on X. Denote *(a,b) = ab for all a,b € [0,1]. For
each t > 0, G(z,y, z,t) =t/(t + G(x,y, z)) is a G-fuzzy metric on X.

Definition 1.5. Let {x,} be a sequence in a G-fuzzy metric space (X, G, x). We will say that:
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e {x,} converges to z if and only if le G(xp, xn,z,t) = 1; ie., for all ¢ > 0 and all A € (0,1), there exists ng € N
such that G(z,, zn,x,t) > 1 — X for all n > ng (in such a case, we will write {z,,} — x);

e {z,} is a Cauchy sequence if and only if for all ¢ > 0 and all A € (0,1), there exists ng € N such that
G(Zp, Tn, Tm,t) > 1 = X for all n,m > ng. {z,} is a G-Cauchy sequence if and only if for all ¢ > 0 and all

A € (0,1), there exists ng € N such that G(z,, Zn, Tnyp,t) > 1 — X for all n > ng and p > 0; in other words,

nhﬂngo G(Zn, T, Tntp, t) = 1.

e The G-fuzzy metric space (X, G, ) is called complete (G-complete) if every Cauchy (G-Cauchy) sequence is
convergent.

Lemma 1.6. (see [I7]) Let (X, G, *) be a G-fuzzy metric space. Then, G(z,y, z,t) is nondecreasing with respect to
t for all z,y,z € X.

Lemma 1.7. (see [I7]) Let (X, G, *) be a G-fuzzy metric space. Then, G is a continuous function on X3 x (0, 0).

It is easy to prove that a G(x,y, z,t) in a non-Archimedean G-fuzzy metric space (X, G,x) is also nondecreasing
with respect to ¢ and a continuous function for all z,y, z € X.

2 New types of contractive mappings
Definition 2.1. Let v : [0,1) — R be a strictly increasing continuous mapping and for each sequence {a,}nen of

positive numbers lim a, =1 if and only if lim v(a,) = co. Let T" be the family of all v functions.
n— oo n—oo

Let (X, G, ) be a non-Archimedean G-fuzzy metric space. A mapping 7' : X — X is said to be a ~y-contraction if
there exists a § > 0 such that

G(Tx,Ty,Tz,t) <1=~vG(Tx,Ty,Tz,t)) > v(G(z,y,2,t)) + (2.1)

forall x,y,z€ X, t >0and vy €T.

When we consider in (2.1)) the different types of the mapping ~, then we obtain a variety of contractions, some of
them are of a type known in the literature. See the following example:

Example 2.2. The different types of the mapping « € I" are as follows:

1 ! 1 1 n 1 1
= —F = n-——- = —F = =
Y1 (].—.T)’ V2 (1—%), V3 (1—$) T, 74 (].—(EQ)’ V5 1

8

Ifv=1In rlx) Then each mapping 7' : X — X satisfying (2.1) is a y-contraction such that
G(Tx? Ty’ TZ? t) 2 k(a)G(z7 y7 Z? t)’

. . _ G(x,y,z,t)71+85
for all z,y,2 € X, t >0 and G(Txz,Ty,Tz,t) < 1, in which k(d) = e ey i 1.

Note that from ~ and ([2.1)) it is easy to conclude that every y-contraction 7T is a contractive mapping, that is,
G(Tz,Ty,Tz,t) > G(z,y, z,t) (2.2)

for all x,y,z € X, such that Ta # Ty # Tz. Thus every -contraction is a continuous mapping. Now we state one of
the main results of the present manuscript.

Theorem 2.3. Let G(X,G,*) be a complete non-Archimedean G-fuzzy metric space and let T : X — X be a
~-contraction. Then T" has a unique fixed point in X.
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Proof . Let xy € X be arbitrary and fixed. Define sequence {x,} by

Tz, =2xpt1, forallneN. (2.3)

If z,, = 241, then x,41 is the fixed point of T’; then the proof is finished. Suppose that z,, # x,41 for all n € N.
Therefore by (2.1), we get

’Y(G(T.’L’nfl,T{I;nfl, T:Enat)) Z V(G($n717xn717xn7t)) + 6 (24)

Repeating this process, we have

’Y(G(Txn—h Tw, 1,Txy,, t)) > ’Y(G(xn—la Tp—1,Tn, t)) +46
= ’Y(G(Txn—% Txp—2,TTn—1, t)) +0 (2 5)
> ’Y(G($n,2,$n,2,$n,17t)) + 20... .
2 ’Y(G(ﬁfo, Zo, 1, t)) + TL5
Letting n — oo, from (12.5) we get
ILm Y(G(Txp-1,TTp—1,TTp,t)) = +00. (2.6)
Then, we have
li_>m GTxp—1,Trp_1,Tr,,t)=1. (2.7)

With the same process, we have lim,,_, oo G(Txp—1, T@y, T2y, t) = 1. Now, we want to show that {x,} is a Cauchy
sequence. Suppose to the contrary, we assume that {z,} is not a Cauchy sequence. Then there are A € (0,1) and
to > 0 such that for all k¥ € N there exist n(k), m(k) € N with n(k) > m(k) > k and

G(Zn(k)s Tn(k), Tm(k), to) <1 — A (2.8)
Assume that m(k) is the least integer exceeding n(k) satisfying inequality . Then, we have
G(Tr(k), Tn(k)> Tm(k)—1,t0) > 1= A, (2.9)
and so, for all £ € N and from , we get

1= X2 G(Tp), Tn(k)s Tm(k)s to)
= G(Zm(k)s Tn(k)> Tn(k), to)

(2.10)
> G(T(k)s Tm(k)—1> Tm(k)—1510) * G(Zm(k) =1, Tn(k)> Tn(k)s to)
> G(Trm(k)> Tm(k)—1s Tm(k)—1, o) * (1 = A).
Letting k — oo in (2.10]) and using (2.7]), we obtain
lim G(xn(k),xn(k),xm(k),to) =1-A\ (2.11)

k—o0

From (1.1}, we get
G(Trm(k)+1> Tn(k)+1 Tr(k)+15 10) =G (T (k)15 T (k) Tm(k)> £0) * G (L) Tn(k)> Tn(k)s to) * G(Tn(k)s Tnk)+15 Tr(k)+1 t0)s
so, letting k — oo and using (2.7), we have

lim G(wm(k)+17xn(k)+17xn(k)+l7t0) >1-\ (2.12)

k—o0

From (2.8]), we obtain

L= X2 G(Tmk), Tn(k)> Tn(k)s to)

(2.13)
> G(Tp (k) Tom(k)+15 Tm(k)+1> 10) * G(Tp(k)+15 Tr(k)+1> Tn(k)+1510) * G(Tn(k)+15 Tn(k)» Tn(k), L),
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and so by taking the limit as k — oo in (2.13)) and from (2.7) and (2.12), we have

Jim G(Tm(k)+15 Tn(k)+1> Tn(k)+1,t0) = 1 — A. (2.14)

By applying inequality (2.1)) with z =y =z, and z = 2,z

VG (Zn(k)+15 Tn(k)+15 Tmk)+1510)) = V(G( Ty, Tr(k) Tm(k)s to)) + 0. (2.15)

Taking the limit k¥ — oo in (2.15]), applying (2.1)), from (2.11]), (2.14), and the continuity of v, we obtain
YA =A) = (1= X)) +34,

which is a contradiction. Thus {x,} is a Cauchy sequence in X. From the completeness of (X, G, ) there exists z € X
such that lim x,, = x. Finally, the continuity of 7' and G yields
n—oo

G(Tx,Tx,x,t) = lim G(Txp, Txpn,Tn,t) = lim G(xpi1,Tnt1,Tn,t) = 1.

n—oo n—oo

Now, we show that T" has a unique fixed point. Suppose that x and y are two fixed points of 7. Indeed, if for
z,y € X, Tae =x #y =Ty, then we get v(G(z,z,y,t)) > v(G(x,z,y,t)) + 0, which is a contradiction. Thus, T has a
unique fixed point. Hence, the proof is completed. [

Example 2.4. Let X =[0,1), *(a,b) = min{a, b}, and

1, ifr=y=z,

G(z,y,z,t) = { (2.16)

1 <
Trmax{z5.2]” otherwise.

for all ¢ > 0. Let v : [0,1) — R such that y(z) = 1/1 — z for all z € [0,1) and define T : X — X by T'(z) = 22%/5 for
all z € X. Clearly, (X, G, ) is a complete non-Archimedean G-fuzzy metric space.

Case 1. We assume that z,y,z € (0,1). Since 22 < z, y? < y and 22 < z, max{x,y,2} > max{Tx, Ty, Tz}. So,

there exists a 6 > 0 such that )

1
1> 1+09.
max{Tz, Ty, Tz} th= max{x,y, z} T

It is easy to see that
VG(Tz, Ty, Tz t)) 2 v(G(z,y,2)) + 6.

Case 2. Let z = 0 and y,z € (0,1). Since 22 = 0, y?> < y and 2% < z, then max{z,y,2} = max{y, z} >
max{Txz, Ty, Tz} = max{Ty, Tz}. Hence, we have

1 1
1+ max{Tx, Ty, Tz} 71 +max{z,y,z}

G(Txz, Ty, Tz,t) = G(z,y,2,1).

So, there exists a § > 0 such that
Y(G(Tz, Ty, Tz, t)) > v(G(z,y,2,t)) + 0.
Case 3. Let z =y =0 and z € (0,1), it is easy to see that,
Y(G(Tz, Ty, Tz,t)) > v(G(x,y, z,t)) + 0.

Therefore, T is a y-contraction. Then all the conditions of Theorem (2.3]) hold and T has the unique fixed point
z = 0.

Definition 2.5. Let (X, G, *) be a non-Archimedean G-fuzzy metric space. A mapping 7' : X — X is said to be a
~v-weak contraction if there exists a § > 0 such that G(Tx, Ty, Tz,t) < 1 implies that

YG(Tz, Ty, Tz 1)) >2y(min{G(z,y, 2,t), G(z, 2, Tx,1),G(y,y, Ty, 1), G(z, 2, Tz,t)}) + 6, (2.17)

for all z,y,z € X and v € I'. Note that every y-contraction is a y-weak contraction. But the converse is not true.
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Example 2.6. Let X = AU B, where A = {1/10,1/2,1,2,3}, B = [4,5]. #(a,b) = min{a, b} and G(z,y,z,t) =
min{x, y, 2}/ max{z,y, z} for all t > 0. Clearly, (X, G, x) is a complete non-Archimedean G-fuzzy metric space. Let
v :[0,1) = R such that v(z) = 1/4/1 — x for all x € [0,1) and define T : X — X by

%0, ifx e A,
%, ifx e B.

Since T is not continuous, T is not y-contraction by (2.2)). Now, we show that T is a y-weak contraction for all
r e X.

Case 1. Let z =1 and y,z € B,

1 1 1 1 1 1
G(Tz, Ty, Tx,t) == > — = mi e
(T'z, Ty, Tz, ) 5> 10 mln{max{y,z}’lO’Qy’Qz}
=min{G(z,y,z,t), G(x,z,Tx,t),G(y,y, Ty, t),G(z,2,Tz1t)}.
So, there exists a § > 0 such that
VG(Tz, Ty, Tz 1)) 2 y(min{G(2,y, 2, 1), G(x,z, Tz, t), Gy, y, Ty, t), G(2, 2, T%,1)}) + 0.

Case 2. Let z € {2,3} and y,2 € B,

G(Tz,Ty,Tx,t) :% > 10% = min{maxfy,z}’ 10%7 %, 212}
=min{G(z,y,z,t), G(x,z,Tz,t),G(y,y, Ty, t),G(z,z,Tz,1t)}.
So, there exists a § > 0 such that
Y(G(Tz, Ty, Tz,t)) > v(min{G(z,y, 2,t), G(z,z,Tx,t), Gy, y, Ty,t),G(z,2,Tz,t)}) + 0.
Case 3. Let z € {1/10,1/2} and y,z € B,

1 T T 1 1 1
G(Tz. Ty, Tz, t) =— > ————  —mind — — — —
(T, Ty, Ta,t) 5 max{y, z} mm{max{y72}’ 107 2y’ 22}
=min{G(z,y, z,t),G(x,z, Tx,t),G(y,y, Ty, t), G(z,2,Tz,1t)}.
So, there exists a § > 0 such that

Y(G(Tx, Ty, Tz,t)) > v(min{G(x,y, 2,t), G(z,z, Tz, t), G(y,y, Ty,t),G(z,2,Tz,t)}) + 0.
By proving the rest of cases, we get T is a v-weak contraction.

Theorem 2.7. Let (X, G, %) be a complete non-Archimedean G-fuzzy metric space and let T : X — X be a ~y-weak
contraction. Then T has a unique fixed point in X.

Proof . Let xg € X be arbitrary and fixed. Define sequence {z,} by

Tx, =xp41, forallneN.

If z,, = xp41, then x,41 is the fixed point of T’; then the proof is finished. Suppose that z,, # x,,41 for all n € N.
Therefore by (2.17)), we have

V(G(Tl'nfh Trp_1,Txn, t)) > ’Y(min{G(fEnfla Tn—1,Tn, t), G(xnfla Tn-1,TTn_1, t), G(.’En, Ty Tp, t)}) +0
:’Y(miH{G(In_l, Tn—1yTn, t)7 G(n—h Tn—1yTn, t)7 G(xna Ty Ln+1, t)}) +94
=y(min{G(Tn-1,Tn-1,%n,t), G(Tn, Tn, Tnt1,t)}) + 4. (2.18)
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If there exists n € N such that
min{G(Zn—1,Tn-1,Tn,t), G(Tn, Tn, Tni1,t)} = G(Xp, Tn, Tt t),
it follows from that
YVG(Tzp—1,Trn-1,Tn,1)) = V(G(Tns Tn, Tnt1,1))
> Y(G(Tny T, Tng1,t)) + 6
> Y(G(Tny Ty Tg1, 1)),

which is a contradiction, therefore,
min{G($n717 LTn—15Tn, t)) G(xna Ly Tn+1, t)} = G($n717 LTn—15Ln, t)) (219)
for all n € N. That is, from (2.18) and (2.19) and the property of 7, we obtain

’Y(G(Z‘n, Ly Tn+1, t)) > 'Y(G(l"n—h Tn—15Tn, t)) +0,
for all n € N. It implies that
VG (@, Ty Tng1,t)) > (G20, 70, 71, 1)) + 0.
By taking n — oo we get,
lim y(G(xn, Tn, Tni1,t)) = +o00.

n—oo

Then, we have

lim G(zy,Tn, Tnt1,t) = 1.
n—o0

So, by the same argument as in the proof of Theorem (2.3), we get {x,} is a Cauchy sequence. From the com-

pleteness of (X, G, *) there exists z such that lim x, = 2. Now, we show that x is the fixed point of T. Since 7 is
n—oo

continuous, there are two cases.

Case 1. For each n € N, there exists i,, > n such that x; 1 = T2 and 4, > 4,_1, where ic = 1. Then, we get

r= lim z;, 11 = lim Te =Tz.
n— o0 n— o0

This proves that x is the fixed point of T

Case 2. There exists ng € N such that z,11 # Tz for all n > ng. That is, Tz, = z,41 # Tz and so,
G(Txy, Tz, Tx,t) <1 for all n > ng. It follows from (2.17)),

Y(G(Tnt1, Tny1, T2, 1)) = Y(G(Txp, T, Tx,t)) >y(min{G(zn, Tn, z,t), G(Tn, Tn, Ty, t), Gz, 2, T, t)}) + 6
=y(min{G(z, Tn, x,t), G(Tpn, Tn, Tnt1,t), Gz, z, T, t)}) + 9.
(2.20)

Since lim G(xn,zn,x,t) =1 and lim G(2y, Tn, Tni1,t) = 1, if G(x, 2, T2, t) < 1, there exists n; € N such that

n—oo n—oo
for all n > ny, we get

min{G(xn, Tn, x,t), G(Xpn, Tn, Tni1,t), Glx,z, Tx,t)} = Gz, z, T, t).
From (2.20)), we have
’}/(G(.In+17 Tn+1, Tl‘, t)) > V(G(‘Ta Z, T:E7 t)) + 67
for all » > max{ng,n1}. Since v is continuous, taking the limit as n — oo, we obtain
VG(z,z Tx,t)) 2 v(G(z,z, Tx,1) + 6,

which is a contradiction. Therefore, G(z,z,Tx,t) = 1; that is, z is the fixed point of T". Now, we prove that the fixed
point of T is unique. Let z; and x2 be two fixed points of T. Suppose that x; # xs; then we have Txy # Txs. From

(2.17) we obtain
’Y(G($1,$1,$2,t)) = ’Y(G(T$17T$1,T]J2, t)) Z’y(min{G($17$17$2,t), G(J;lvxla Txla t)7 G(an anTmQat)}) + o
:'Y(G(l'l,l'17$2,t)) + d> W(G(xlathQat%

which is a contradiction. Then, G(x1,x1,x2,t) = 1, that is, 1 = x5. Therefore, the fixed point of T is unique. O
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Example 2.8. Let (X, G, x) be the non-Archimedean G-fuzzy metric space and let T be considered in Example ([2.6)).
Let v : [0,1) — R such that v(z) = 1/(1 — 2?) for all z € [0,1). So, T is a y-weak contraction. Therefore, Theorem
(2.7) can be applicable to T and the unique fixed point of T is 1/10.

3 General contractivity conditions

In this section, we present an extension of Theorem (|1.1)) in several ways: the metric space is more general, the
contractivity condition is better and the involved auxiliary functions form a wider class. The following families of
auxiliary functions were considered in [7].

Definition 3.1. Let ® be the family of all functions ¢ : [0, 00) — [0, 00) satisfying:
(1) ¢(t) =0 if and only if t =0,
@) lim o(t) = o,

(3) ¢ is continuous at ¢t = 0.

Definition 3.2. Let ¥ be the class of all functions % : [0,00) — [0, 00) satisfying:

(1) v is nondecreasing

(2) ¥(0) =0,

(3) if {an} C [0,00) is a sequence such that {a,} — 0, then {¢)"(a,)} — 0 (where ¢ denotes the nth-iterate of
).

We shall remind that + is continuous at ¢t = 0 for functions in ¥.(Proposition 7 [12])

Definition 3.3. We shall denote by H the family of all functions A : (0,1] — [0, c0) satisfying:

(H1) if {an} C (0,1], then {a,} — 1 if and only if {h(a,)} — 0;

(Ho) if {an} C (0,1], then {a,} — 0 if and only if {h(a,)} — oo.

The previous conditions are guaranteed when h : (0,1] — [0,00) is a strictly decreasing bijection between (0, 1]
and [0,00) such that h and h~! are continuous (in a broad sense, it is sufficient to assume the continuities of h and

h~1 on the extremes of the respective domains). For instance, this is the case of the function h(t) = 1/t — 1 for all
t € (0,1]. However, the functions in H need not be continuous nor monotone.

Proposition 3.4. [12] If h € H, then h(1) = 0. Furthermore, h(t) = 0 if and only if ¢t = 1.
The other main result of the article is the following one.

Theorem 3.5. Let (X, G, x) be a G-complete non-Archimedean G-fuzzy metric space and let T : X — X be a
mapping. Suppose that there exist ¢ € (0,1), ¢ € &, ¥ € ¥, and h € H such that

MG(Tx, Ty, Tz ¢(ct)) < P(M(G(x,y, 2, 6(t)))) (3.1)

for all 2,9,z € X and all t > 0 for which G(z,y, z, ¢(t)) > 0. If there exists xg € X such that tlim G(zo,x0, Tx0,t) =1,
—o0

then T has at least one fixed point. Additionally, assume that for all z,y,z € Fiz(T) with x # y # z, we have
75lim G(z,y,2,t) = 1. Then T has a unique fixed point.
hde el

Proof . Notice that condition (3.1]) implies that if G(z, y, z, ¢(t)) > 0, then h must be applicable to G(Tx, Ty, Tz, ¢(ct)).
Hence G(Tz, Ty, Tz, ¢(ct)) € dom h = (0, 1], which means that

G(z,y,z,0(t)) > 0= GTz, Ty, Tz, ¢(ct)) > 0. (3.2)
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By setting x; = Txg, define sequnece {z,} by zn41 = Tz, for all n € N. If there exists some ng € N such that
Tpy = Tny+1, then x,, is the fixed point of T', and the existence part of the proof is finished.
On the contrary case, assume that z,, # z,1 for all n € N.
Since tlim G(zo,xo, Txo,t) = 1, there exists tg > 0 such that G(zg, zo, z1,t0) = G(x0,x0,Tx0,t0) > 0. Moreover, as
— 00
tlim @(t) = oo, it follows that there exists sg € [0,00) (we can suppose, without loss of generality, that sg > tg) such
— 00

that ¢(sg) > to. Hence
G (z0, 70,1, 9(80)) > G(x0, T0,71,t0) > 0.

It follows from ((3.2)) that
G(xla T1,T2, (b(CSQ)) = G(Tl‘07 Tan Txh tO) > 07

and, by induction, it can be proved that for G(xy, , Tny1,d(c"sp)) > 0 for all n € N. If n,m,r € N and r < n, then
c"so < "sg < sg < sp/c™. Since ¢ and G(xp,, Ty, Tnt1,.) are nondecreasing functions, it follows that if n,m,r € N
and r < n, then

0< G(xn,x/rL’an’_l’ ¢(Cn$0)) < G(l’n,l'n, Tn+1, (b(CTSO))
3.3
S G(l‘nyxnaxn+17¢<50)) S G(xn,xn,xn+1,¢(j%)). ( )

We claim that
lim G(z,,Tn, Tnt1,8) =1 forall s > 0. (3.4)

n— oo

To prove it, let s > 0 be arbitrary. As lim (¢"sg) = 0 and ¢ is continuous at ¢ = 0, then lim ¢(c"sg) = ¢(0) = 0.
T—00 T—00
Since s > 0, there exists r € N such that ¢(c"sg) < s. Let n € N be such that n > r. Applying the contractivity
condition (3.1)) to x = y = z,, and z = x,,41, it follows that

h<G($n7 Ty Tn+1, (b(CrSO))) = h(G<Txnfla T-Tnfla Tmna (b(CTSO)))

. (3.5)
S w(h(G(xn—laxn—laxna(ﬁ(c SO)))),
where we have used G(xy,_1,Tn_1,Tn, d(c"1s0)) > 0 by (3.3]). Repeating this argument, we find that
h(G({En,h Tn—1yTn, (ZS(CT_ISO))) = h(G(T'rEnf% Txn727 Txnfh ¢(CT_180)))
< V(G (Tn—2, Tn—2, Tn—1,0(c" 50)))),
where we have used G(x,,_2,Tp_2,Tn_1,0(c""250)) > 0 by (3.3). As v is nondecreasing, then
w(h(G(In—la Tp—1,Tn, d)(CTilSO)))) <
1[)2(h(G((En,2,:L‘n,27wn,17(]5(07-_280)))). (36)
Combining inequalities (3.5 and (3.6]), we deduce that
h(G(-T'TM Tny Tn+1, ¢(Cr30))) S ¢(h(G(xn—1a Tp—1Tn, ¢(CT7150))))
< P (W(G(Tp—2, Tr—2, Tn—1,3(c"250)))).
Inequality (3.3)) permits us to repeat this argument n times, and it follows that
WG (T, Ty Tpp1, $(¢50))) < P (h(G (@0, x0, 21, $(c"%50)))) 57)
S0 3.7

=" (h(G (2o, xo, 71, ¢(F))))v

for all n > 7. As a consequence, lim,, ;. —% = oo. Then we have, lim,, ;o ¢(7%) = co. Thus,

50

lim G(xo,xmml»fﬁ(ﬁ) =1
c

n—oo

and this implies that lim,, . h(G(20, Z0, 21, #(%)) = 0. As the sequence {a,, = h(G(zo, 70,21, #(7%))} — 0 and
h € H, we have {¢"(an)} — 0. By (3.7), we deduce that

hm h(G(I’n, Tn, xn+17 ¢(Crso))) = O

n—oo
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In particular, as h € H, condition (#;) implies that

lim G(a:n, Tn, xn-‘,—h ¢(CTSO)) = 1'
n—oo

Because ¢(c"sp)) < s, and G(x,y, 2,t) is a nondecreasing function with respect to ¢, so we have

G(',I:’n7 Tny Tnt1, ¢(C7'80)) g G(.Tn, Tny Tnt1, S) S 1 (38)

Taking into account (3.8)), we observe that, lim G(xy,,zn,Zn11,8) = 1 for all s > 0, which means that (3.4) holds.
n—oo

Lemma 15 [12] guarantees that {z,} is a G-Cauchy sequence in (X, G, ). As it is G-complete, there exists v € X
such that {z,} — z. We claim that «z is the fixed point of T. To prove it, from (L.1)) observe that for all ¢ > 0 and all
n €N,

G(z,z,Tx,t) = GTz,x,2z,t) > G(Tx,Tpi1, Tni1,t) * G(Tpi1,x,2,1) (3.9)
=G(Tx,xpnt1,Tnt1,t) * G(Txy, x,x,t). )

By lemma (|1.7)),
lim G(z,z,xp41,t) = 1. (3.10)

n—oo

Let us show that the first factor in (3.9) also converges to 1 when n tends to co. Taking into account that ¢ is
continuous at ¢t = 0, we have liH(l) #(s) = ¢(0) = 0. Since t > 0, there exists § > 0 such that ¢(J) < ¢. Since §/c >
5—

C

)
0, ¢(6/c) > 0. So, lim G(x,Zpi1,Tns1,d(=)) = 1. Hence, there exists ng € N such that G(x, 2,11, Tny1, (2)) > 0
n— 00 c
for all n > ng. Applying the contractivity condition (3.1)) to x = z and y = z = x,,11 for n > ng, we obtain
h(G(TﬁU, Tn41, Tnil, ¢(6))) = h(G(va Til'n, T:L'n; ¢(5)))
)

Therefore, lim,, oo G(ac,xn+1,xn+1,¢(g)) = 1. This implies that lim,,_ h(G(x,an,an,qb(%))) = 0 and so
lim,, 0o 1/J(h(G(x,J:n+1,xn+1,qb(%)))) = 0. Then, we have, lim, o0 (G(Tx, Tpnt1,Tnt1, $(0))) = 0 and this implies
that lim, o G(Tx, Tnt1, Tnt1, #(§)) = 1. Taking into account that G(Tz, xp11, Tnt1, P(0)) < G(Tx, Tpt1, T, t) <
1, we deduce that

lim G(Tx, Ty, Tan,t) = G(TT, Tpt1, Tnt1,t) = 1. (3.11)

n— oo

Letting n — oo in (3.9) and using (3.10) and (3.11)), we obtain
G(Tz,xz,x,t) > lim [G(Tx, Txy, Trn,t)* G(Txy, x,z,t)|[ im G(Tx,Try, Tay,t)]*[ lim G(Tz,,x,x,t)] =1%x1=1.

n—oo n—oo n—oo

We have just proved that G(Tx,z,x,t) = 1 for all ¢t > 0, and the axiom (GF-3) guarantees that Tz = x, that is,

x is the fixed point of T. Next, we study the uniqueness of the fixed point of 7. Assume that T has two different

fixed points x and y, and we obtain the contradiction x = y. By hypothesis, tlim G(z,y,y,t) = 1. Then there exists
—00

to > 0 such that G(z,y,y,t0) > 0. Moreover, there exists so > 0 such that ¢(sg) > to. Consequently, as ¢ and
G(z,y,z,t) are nondecreasing function with respect to t, G(z,y, z, #(s0)) > G(z,y,2,tp) > 0. From (3.2), we have
G(z,y,y,0(s0)) = G(Tx, Ty, Ty, p(cso)) > 0. By induction, G(z,y,y, d(c"sp)) > 0 for all n € N. We claim that

G(z,y,y,¢(c"s9)) =1 forallr e N. (3.12)

To prove it, let » € N be arbitrary and let n,m € N be such that n > r. As ¢"sg < ¢"spo < 50 < s0/c™, and ¢ and
G(z,y, z,t) are nondecreasing function with respect to t, it follows that if n,m € N and r < n, then

0 < Gle,y,9,6(c"s0)) <Gy, . 6(c"s0)) < Cle,y,9,6(s0)) < Gl .9, 6(1). (3.13)

Applying the contractivity condition (3.1)) to = and y, it follows that

h(G(xvyvya¢(CT30))) (G(Tx’Tvay7¢(CTSO)))

=h - (3.14)
< w(h(G(IE,y,y,(]S(CT SO))));
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where we have used G(z,y,y, ¢(c""'s9)) > 0 by (3.13)). Repeating this argument, we find that
h(G(z,y,y, (""" 50))) = h(G(Tz, Ty, Ty, 6(c" " 50)))
< Y(h(G (@, y,y, d(c" 250)))),
where we have used G(z,y,y, ¢(c"2s9)) > 0 by (3.13)). As ¢ is nondecreasing, we have
(WG (T, Ty, Ty, (¢~ 50)))) < V> (WG (2, y,y, (" 50))))- (3.15)
Combining inequalities and , we obtain
h(G(z,y,y,(c"s0))) < Y(W(G(Tx, Ty, Ty, (¢~ 's0))))
< Y (W(G(x,y.y, 6(c"50)))).
Inequality permits us to repeat this argument n times, and it follows that
MG (z,y,y,¢(c"s0))) < " (M(G(z,y,y,¢(c" "50))))
= 4" (h(G(w, 9,y 6(=27)))),

for all n > r. As a consequence, lim, o % implies that lim,, ;. ¢(%) = oo. This means that

cn—r

(3.16)

. 50 _
nh_{rgo G(x,y,yﬂﬁ(cn,r)) =1

and so, we have lim, o M(G(z,y,t, (5% ))) = 0. As the sequence {a, = h(G(z,y,y,¢(5%)))} — 0 and h € H,
we have {¢"(a,)} — 0. By (3:16), we deduce that h(G(z,y,y, ¢(c"so))) = 0. In particular, as h € H, Proposition
implies that G(z,y,y, #(c"s0))) = 1, which means that holds. Next, let us show that G(z,y,y,t) = 1 for
all £ > 0. Let ¢t > 0 arbitrary. Since nli_)rr;o(c"so) = 0 and nh_)rr;o o((c"s0)) = #(0) = 0, there exists r € N such that

d(c"sp) < t. Hence 1 = G(z,y,y,6(c"sp)) < G(x,y,y,t) = 1, so G(x,y,y,t) = 1. Varying t > 0, we conclude that

x = y by virtue of (GF-3), which contradicts the fact that  # y. As a result, T' can only have a unique fixed point. O

Corollary 3.6. Let (X, G, *) be a G-complete non-Archimedean G-fuzzy metric space verifying tlim G(x,y,z,t) = 00
— 00

and let T': X — X be a mapping. Suppose that there exist ¢ € (0,1), ¢ € &, ¥ € ¥, and h € H such that

MG(Tz, Ty, Tz, ¢(ct))) < ¥(h(G(z,y, 2, 6(1)))),
for all 2,9,z € X and all t > 0 for which G(z,y, z, ¢(t)) > 0. If there exists 29 € X such that tli}m G(zg,x0, Tx0,t) =1,
oo
then T has a unique fixed point.

Note that every non-Archimedean G-fuzzy metric space with condition tlim G(z,y,2z,t) = oo is a G-Menger
—00
probabilistic metric space and so, by setting F(x,y,t) := G(x,z,y,t), it is a Menger probabilistic metric. So, the
following statement trivially follows from Theorem (3.5) by using h(t) = 1/t — 1 for all ¢ € (0, 1].
Corollary 3.7. Theorem (1.1)) immediately follows from Theorem ([3.5)).

Example 3.8. Let (X, G, *) be the non-Archimedean G-fuzzy metric space introduced in Example and let
T : X — X be the self-mapping defined by T'(x) = x/2 for all z € X. Assume that ¢ (t) = ¢(¢t) =t for all ¢ € [0, 00),
and let h : (0,1] — [0,00) be an arbitrary strictly decreasing bijection between (0,1] and [0, 00) such that h and h~1
are continuous (for instance, h(t) = 1/t — 1 for all (0, 1], but any other function verifying these properties yields the
same result). In this context, the contractivity condition is equivalent to

MG(Tx, Ty, Tz, ¢(ct))) < (h(G(z,y,2,¢(1)))) if and only if h(G(Tx,Ty,Tz,ct)) < h(G(z,y,2,t))
if and only if G(Tz,Ty,Tz,ct) > G(z,y,z,t).

For all ¢ € (0,1), z,y,z € X, such that  # y # z and for all ¢ > 0,

Ty z
G(Txz, Ty, Tz,ct) =G(=,Z, =, ct
(x’ y7 270) (2’27276)
- 1
o 1+max{%,%,§}
1

~ 1+ max{z,y, 2}
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Also, if x = y = z, it is clear. As a result, the contractivity condition is verified. Hence, Theorem guarantees
that T has a unique fixed point (which is = 0).

4 Conclusion

In this paper, we proved some fixed point results in non-Archimedean G-fuzzy metric spaces for self-mappings
providing ~-contractions and y-weak contractions. We also presented a more general class of auxiliary functions in
the contractivity condition. On the other hand, our results can be extended to other spaces.
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