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Abstract

In this paper, we presented both the concept of Daniell space and the extension of Daniell space with some basic
results related to these spaces when the Daniell functional on a Banach lattice space. The extension of Daniell’s space
has been proven a complete space.
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1 Introduction

The area of study of computing areas of geometrical shapes was originated more than 2 millenniums ago with the
introduction by Greek mathematicians of the celebrated "method of exhaustion”. The process of computing areas
and volumes of geometrical figures is called integration. The method of exhaustion assumes that a convex figure is
approximated by inscribed polygons whose areas can be calculated and the number of the vertexes of the inscribed
polygons is increased until the convex region becomes ”exhausted”. So, the area of the convex region can be computed
as the limit of the areas of the inscribed polygons. The method of exhaustion was used by Archimedes (287-212 B.C.)
to calculate the area of circles and the volume of spheres as well as other geometrical figures. The method of exhaustion
is, in fact, considered the core of all modern integration techniques. Cauchy (1789-1857) and B. Riemann (1826-1866)
were among the first to present axiomatic abstract foundations of integration. The work of Riesz (1909) and Daniell
(1889) established fundamental connections between integration and functional analysis and a connection between
linear continuous functional and measure. In his research paper ” A General Form of Integral ” in 1918, Daniell
defined an integral as a function defined on a certain class of functions as a continuous function or step functions
this functional is linear, nonnegative and to have a monotone convergence property. He then devised a procedure for
extending this functional to a larger class of functions in such a way that it still satisfies the given condition.

In [I4] He introduced the definition of Daniell space and extended this space and showed that the extended space
contains the first, and he defined the lower and upper Daniell integral, in [4] Banasiak briefly present basic concepts
of the theory of Banach lattices. In [6] Jeurnink study the integration theories for functions which are defined on a
finite measure space and which take on values in a Banach lattice.

In our paper, we presented the definition of Daniell space when the Daniell functional on a Banach lattice instead
of a Riesz space and the definition of the extension space and the complete space as it was known in [5] and we showed
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that this space is complete We have presented these concepts based on the detailed information provided by both
[4,[6]. We also presented the concept of the lower and the upper Daniell integral.

2 Vector lattices
In this section we presented a general introduction of the vector lattice or Riesz space and Daniell space.
Definition 2.1. [T4] A linear space over F is a set L, whose elements are called vectors, and in which two operations,
addition (+ : L x L — L) and scalar multiplication (".- F' x L — L) such that f and g in S implies that f + g is in
S; fin S;a in F implies af in S and further:
(1) L is an abelian group under addition,

(2) for all f and g in L and for all a and b in F,

a(f+g)=af +bg,(a+b)f =af +bf, (ab)f =a(bf),1f = f.
Remark 2.2. [I0] A real linear space is one for which F' = R, a complex is linear space is one for which F = C

Definition 2.3. [7] If L be a nonempty set , the set of all ordered pairs (z,w) is called the Cartesian product of L
and L it self; notation L x L, where z,w € L.

Remark 2.4. [8] Let L be a non-empty set. For z # w the points (z,w) and (w, z) of L x L are different.

Definition 2.5. [16] The relation R is called equivalence in L if;
(1) (z,2) € Rfor all z € L ( R is reflexive),
(2) (z,w) € R and (w,2) € R(R is symmetric ),

(3) (z,w) € R and (w, e) € R implies (z,e) € R(R is transitive).
Definition 2.6. [16] The relation R is called a partial ordering if,

(1) (z,2) € R for all z € L(R is reflexive),
(2) (z,w) € R and (w,e) € R implies (z,e) € R(R is transitive).
(3) (z,w) € R and (w, 2) € R implies z = w(R is anti-symmetric).

If R is a relation of partial ordering, we write z < w or z < w instead of (z,w) € R.

Remark 2.7. [0

(1) If R is a relation of partial ordering. If z < w or z > w then we say that z and w are comparable and if
neither z < w nor z > w then z and w are incomparable, For each paire of points z,w satisfying z # w is an
incomparable paire

(2) If each points in L are comparable then the partial ordering is a linear ordering. For each paire of points z,w
satisfying z # w is an incomparable paire.

Example 2.8. [16] L = R? = Rx R, if z,w € S then z = (21, z2) and w = (w1, w2), then z < w if and only if 2; < wy
and zo < wy, and the points (0,1) and (1,0) are incomparable point.

Definition 2.9. [8] Let L be a vector space, and assume that there is a reflexive, anti-symmetric and transitive
relation < on L such that,

(1) If zyzw € Lthen z <w and z+ k <w+ k for all k € L.
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(2) If z€ L,z >0, then for all § € R,6 > 0 we have §z > 0.
Then L be an ordered vector space.

Definition 2.10. [I6] If L be an ordered vector space has the property that any set {y, z} consisting of two elements
Y,z € L has both its maximum and minimum, then L is called a Riesz space or a Vector lattice, where {y,z} =y V z
and {y,z} =y A z.

Any element z in a Riesz space L has the representation z = z+ — 2=, where zTbe a positive part and 2z~ the
negative part of z. For the element ztand 2~ the usual notation are z V 0 and (—z) V 0 and the absolute value of z
is |z] = 27 V z7. For any subset A of L and the maximum of A is exist, then the elements (—A), (A) are exist and

(A) = —(-A).
Definition 2.11. [§] A vector lattice L is said to be Archimedean, if z,w € L and kz < w for all k € N then z < 0.
Remark 2.12. [§] If z € L and z > 0 then §,,z | 0, where ¢,, € R for each n and 6, | 0.

Definition 2.13. [I2] Let Q be an arbitrary set and h, k are real valued functions on €2 then we define,
hVEk={h,k} =max{h —k,0} +k and h Ak = {h,k} = (h+ k) — {h, k}, where 0 is the zero function.

Remark 2.14. [13] 16]

(1) If L be a vector space of real valued function on Q. Then L be an ordered vector space if L is partially ordered
by defining that h < j in L whenever h(z) < j(z) for all z € Q.

(2) Suppose that L is a set of all real valued function on a set 2. Then L is a real linear space under the following
addition and scalar multiplication

(a) (h+j)(z) = h(z) + j(z) for all h,j € L,
(b) (Ah)(z) = Ah(x) for all h € L and for all A € R.

Definition 2.15. [9] A real linear space L of real valued functions on {2 is called an ordered vector space if L is
partially ordered in such a manner that the partial ordering is compatible with the algebraic structure of L. That is,

(1) h < jimplies h+ f < j+ f for every f € L,

(2) f >0 implies af > 0 for every real number a > 0.

The ordered vector space S is called a Riesz space if for every pair h and j in S, the maximum max{h, j} minimum
min{h, j} with respect to the partial ordering exists in S.

Remark 2.16. [7]

(1) Let L be a linear space of functions (h : F' — R). Then L is a vector lattice (Riesz space) if max{h,0} € S for
all h € L.

(2) If h is a real valued function in Riesz space then |h| is also in a Riesz space.

Definition 2.17. [2] Let Q be any set and h : FR a function, we define the positive and negative parts htand h~ by
h* max{h,0} and h~ min{h,0} max{h,0}, where, h*(z) = {h(z), h(z) >0} and h™(z) = {—h(z), h(z) <0} the
following relations for h* and h~ are hold

1)
(2)
®3) (
(4) If X >0, then (Ab)* = AhFand (Ah)~ = Ah™

h=h" —h~and [h| = h* + b~ = h* + (~h)~
ht = L(|h| + h) and h™ = 3(|h| — h)
—h)T =h~and (=h)” =h™"
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Definition 2.18. [I] Let R be the set of real numbers. The extended real numbers system consists of the real
numbers system to be the real number with two symbols, +00 and co. and it is denoted by R , that is,

R = RU{oo}U{—00} = {—00,00}

The following algebraic relation among them and real numbers

-0 < T <00

1) z400=00+4+2=00,2 + (—00) = —00 + z = —00,

2) If z =0, then z(c0) =0 and z(—o0) = 0,

4) If z < 0, then z(oc0) = —oo and z(—00) = —o0,

(1)
(2)

(3) If z > 0, then z(co) = oo and 2z(—00) = oo,

(4)

(5) o0+ 00 = 60, 00 + (~00) = ~00,00 — (~00) = 50, ~00 — 00 = o0,
(6)

6

An infinite sum with one or more terms oo and no terms of —co is equal to co.

We may notice here that in R, every increasing sequence of real numbers has a limit, where we define z,, = oo if the
sequence is not bounded

Example 2.19. [16,9]

(1) If V is a Riesz space then V™ is a Riesz space,

(2) R is a Riesz space and R is a Riesz space.

Definition 2.20. [5] Let L be a Riesz space of functions defined on €. A linear functional D : Q — R is called,

(1) Positive if D(h) > 0 whenever h € L and h > 0,

(2) Continuous under monotone limits if for every increasing sequence {h,} of functions in L and h € L such that
h(z) < hyp(z) for all x € Q, then D(h)D (hy,),

Then D is Daniell functional (Daniell integral) whenever D is positive and continuous under monotone limit.

Remark 2.21. [14] If D is positive, then D(h) < D(j) for each h € L and h < j. Remark (2.22):

(1) A triple (9, L, D) is a Daniell space if € is a nonempty set, L is a Riesz space of real valued functions on €, and
D : L — R is a Daniell functional.

(2) D is continuous under monotone limit if and only if D (h,,) | 0 whenever h,, | 0 for each h,, € L.

3 Main Results

Definition 3.1. [II] Let L be a vector lattice. A norm on L is a function ||| : .L — R, having the following
properties,

1) |Ifll>0forall felL,

3) I = |Alllf]| for all f € L and X\ € R,

(1)
(2) ||f]l =0if and only if f =0,
(3)
(4)

If + gl <[IfIl+ llgl for all f,g € L.

A Riesz space S together with || - || is called a normed space and it is denoted by (L, || - ||).
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Remark 3.2. [, [5]

(1) If (Q, L, D) be a Daniell space. A norm on L is a function |||| : .L — R which is defined by ||f|| = D(|f]).

(2) A norm on a vector lattice S is called a lattice norm if | f]| < |g| implies || f|| < |lg]l-
Theorem 3.3. If L is a normed lattice then |||f||| = || f]| for every f € L.

Proof . Let f,g € L such that g = |f], then we have |f| < |(|f])| and hence || f|| < |||f]||, by taking |f| and g = f, we
also have [(|f[)| < [f| and hence [[[f[[| = [If]. O

Definition 3.4. A vector lattice L is called a Banach lattice if it is complete under a lattice norm and denoted by
Lg.

Theorem 3.5. Let (Q, L, D) be a space, where ) be a nonempty set, Lp Banach lattice and D is a function such
that D : Lp — R, then (0, Lg, D) be a Daniell space

Proof . We will show that D is positive and continuous under monotone limit. Let f > 0, then |f| > 0 implies
Ifll = 0, so D(|f|) > 0. To prove that D is continuous under monotone limit. Let {f,} be a sequences in Lp with
fn 4 0, then f, — 0 in norm implies that, there is € > 0, since 0 = f,,, there exist k € ZTsuch that D(|f|) < € for
all n > e implies D (f,) — 0 in norm, since Lp is complete, then D (f,) | 0 . Therefore, the space (2, Lg, D) is a
Daniell space. [J

Definition 3.6. Given a Daniell space (2, Lg, D), let Lg* be the class of all extended real valued functions on
for which there exists a sequence of functions fi, f2,... € L such that f = "7, fn.

Now, we want to show that (Q, Lg*, D) is a complete Daniell space, where the integral of f = Zzozl fn is defined
as D(f) =307, D(fn). That is, (if Lg is a Banach lattice, then h € Lg* if and only if h : @ — R a function and
there exists a sequence {h,} of monotone increasing sequences of functions in Lp such that h,, — h in norm.

Definition 3.7. [5] Let f be a real function on €. if there exist a function f,, € L,n € N, such that
(1) 22521 D (| fal) < oo,
(2) f(z) =202 fo(z) for every x € Q and >, | | fn(2)] < 00, then we write f = Y07 | f,.

Definition 3.8. [5] A Daniell space (2, L, D) is called complete if f = > ° | f, for some fi, fo,... € L, implies that
feL.

Theorem 3.9. Let (2, Lg, D) be a Daniell space, f,, and g,, are non-decreasing sequences in Lp with f,(z) < g, ()
for every x € Q, then lim, oo || fn] < limy—oo [|gn]|-

Proof . Let k € N, the function fx — (fx A gn),n € N, for a non-increasing sequence which converges to zero at ever
point in Q, we have, D (|fx]) — D (|f& A gn]) = 0 and hence || fx| = limp—oo [|f& A gnll < |lgnll, if we let & — oo, then
limy, o0 || fol] < limp—oo [|gnll- O

Theorem 3.10. Let (Q, Lp, D) be a Daniell space. If f =37 f, and f >0, then Y > ||fn]| > 0.

Proof . Define g, = f1 + fo+ -+, +fp + | fot1|l + | fpre| + - + | fo+n| and h,, = g, A O suppose that g, and h,, are
non-decreasing sequences in Lg and f,, = g, then we have lim,,_,oo || | > 0, so || fill + I f2ll +- -, + | fpll + [ fosall +
| fosall + -+ | fptnll + -+ >0, if we let p — oo, we obtain Y~ || fn]| > 0. O

Theorem 3.11. Let (2, Lg, D) be a Daniell space. If f =37 foand f =" fu, then > 07 ful= 20" | gull-

Proof . Since 0 = f1 — g1 + f2 — g21..., we have >~ || full = Youe; lgnll > 0, similarly, we have > 7, ||gnll —
> omet Ifall = 0. Therefore 3°0°, [ fall = 3202, llgnll- O
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Theorem 3.12. Let (£, Lp, D) be a Daniell space. If f,g € Lg* and f < g, then || f| < ||gl-

Proof . Since f,g € Lg*, then f = > foand g = > 0", gn, then f +g

= fi+g + fot g2 + -, since
D(f+g)=D(f)+ D(g). If f,g € Lp* and f < g, then g — f > 0. Hence D(g — f) > 0,

therefore ||f|| < |lg||. O

Theorem 3.13. Let (2, L, D) be a Daniell space. If f € Lg*, then | f|| € Lg* and |D(f)| < || f||. Moreover, if
Al =lfi+ fa -+ ful.

Proof . Let f =" f,. Define A={z€Q:Y ", fol| <oc}and S, = fi + fo+ -+ + fn. Then, f(z) = Spnooo
for all z € A. In other word, ||f|| = ||S1(z)]| + (||S2(2)]| = ||S1(@)]]) + (|[Ss(x)|| = [|S2(2)|]) + -+ for x € A. Let
g1 = ||S1(2)]| and g, = ||Sn(z)|| — ||Sn-1(2)|| for n > 2, we claim that ||f|| =g+ f1i—fi+ g2+ fo— fo+---. We will
show that > >° | D (|gn]) < oo and that || f||=>""", |: g, for all z € A.

First, for n > 2, we have [lgull < [Su(@) — Su 1@ = /], thus 352, (gal) < 3355, D (ful) < o, since
F=>  fnand ||f]| = 307, gn for all z € A. If ¢ A then the sum is not absolutely convergent. There fore
f e Lg*.

Since f < |f] and —f < |f|, we have D(f) < ||f]| and —D(f) < || f|| by theorem 3.12. Thus |D(f)| < ||f|. Lastly,
we have Hf” = 220:1 D (gn) = limpsoo [Sull = /1 + fo+ -+ ful|. O

Theorem 3.14. Lp* is closed under Banach lattice operations.

Proof . For,g € L.
1 1
fvg=5(f+g+if—gl). frg=5(f+g—1f—gD

These two identities, the fact that Lp* is a vector space (theorem 3.12) and (theorem 3.13) gives our proof. [J

Theorem 3.15. If f € Lg* then for every ¢ > 0 there exists a sequence of functions fi, fs,... € Lp such that

f= Z;o=1 Jn and ZZ,O=1 I full < D(f) +e.

Proof . Let £ > 0 be given and let f = > 7, g,. Choose n; € N such that Zzoﬁl llgnll < §. By theorem 2.13
we have || f|| = [lg1 + g2 + - -+ + gn||, so there exists an ny € N such that ||g1 + g2 + -+ gu| < || f|| + §, for every
n > ny. Let no = max (ny,n2) and define f1 = g1 + g2+ - + gno» fn = Gnotn—1, for n > 2. Then f = fozl fn and
Sonci lfall = llgr + 92+ + gno | + 3205 llgnll < £l + 5 + §, which complete the proof. O

Theorem 3.16. If f =3, f, where f, € Lg*, then f € Lg* and D(f) = > 7", D (fn)-

Proof . Let f = Y 2, f, with f, € Lg*. Choose g;, € Lp, where i,n € N, such that f; = > >, h, and
Somey Nginll <[l fill +277 for i =1,2,....

Let {h,} be a sequence arranged from all the functions g;,. Then clearly f = > °° | h, which implies f € Lg*
and D(f) =322, D (fn). O

Theorem 3.17. For every non-increasing sequence of functions f,, € Lp* such that f,, — 0 in norm then D (f,) — 0.
Proof . The observation of 0 = f; + (fo — f1) + (fs + f2) + - -+ combine with Theorem 3.16 gives our proof. O
Theorem 3.18. Let fi, fa,... € Lg*, if >~ | ||fn|l < oo, then there exists f € Lp* such that f = fi + fo +---
Proof . The function f can be defined as f(z) = {>_0—, fu(2),> o, Ifnll < o0 0 otherwise O

Theorem 3.19. Every Daniell space (2, Lg, D) can be extended to a complete Daniell space (2, Lg*, D).

Proof . To show (€2, Lp*, D) is a Daniell space, we need to satisfy conditions (1) and (2) from Definition 2.20. Both of
these conditions are satisfied as a result of Theorem 3.10 and theorems 3.12,3.13 and 3.17. A direct result of Theorem

3.16 shows that (2, Lp*, D) is complete. OJ

Definition 3.20. (1) Let f € Lp* is lower Daniell integral of f if satisty D(f) =sup{|lgll: g € L**,|g| < |f|}
(2) Let f € L} is upper Daniell integral of f if satisfy D(f) = infinf{||h| : h € Lg*, |h| > |f|}.
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