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Abstract

The most recent performances in fixed point theory related to the fixed point, coincidence point, and coupled co-
incidence point involving mappings in ordered metric spaces are the result of concentrated overwork ordered metric
space. Its conclusion was expansive and generalized to well-known oral literature results. A few fixed point outcomes
were discovered to be sophisticated self-mappings. Anything that satisfies a generalized week contraction was partially
ordered as m-metric space (mms). The specific results also include two self-mappings for coupling coincidence points,
coupled common fixed points, and coincidence points in the same qualification. An example is offered to support the
findings.
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1 Introduction and Preliminaries

Based on functional analysis, fixed point theory is an useful and important category. It offers a pioneering framework
for resolving issues in many mathematical analysis extensions. It’s indeed uniqueness, integral solution, and differential
equations agreement. Mathematician Banach [7] permits the contraction in 1922, establishing it one of the most well-
known and significant examples of practical mathematics. There are essentially two main approaches to employ the
generalized Banach contraction principle : either to modify the metric space or to revise the contraction condition.
Several contractions in fixed theory, defined in metric spaces, include Boyd and Wong’s nonlinear contraction principle
[8], Suzuki Contraction [27], Kannan Contraction [I3], Ciri¢ Generalized Contraction [I0], Ciric’s Quasi Contraction
[11], Weak_Contraction [23], Chatterjea Contraction [9], Zamfirescu Contraction [29] and many more [6] 20].

Wardowski [28] introduced innovative contraction being real-valued mappings in 2012, defined positive real num-
bers, and obtained fixed point theory. In various metric space, authors have worked on F-contraction mapping. Piri
and Kumam [2I] worked in 2014 and Minak et al. [I8] expanded results and applied weaker condition self mappings.
For generalized F-contractions counting Ciric type generic F-contraction and almost F-contraction in complete metric
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space, Piri et al. [22] achieved results in 2014. In order to extend several results, Piri and Kumam tried to introduced
F-contraction setting in the context of complete asymmetric metric space in 2017. Regarding F-contraction in b-metric
space, Kadelburg and Radenovic [16] achieved results in 2018. In 2019 saw the introduction of fixed point theory for
F-contraction in partial metric space by Luambano [17], and he attained a number of findings that are good examples,
see [25] [24].

Asadi et al. [I] provided m-metric Space in 2014, extending the p-metric space presented in [2] and demonstrating
the Banach contraction principle. In metric space, several authors were engaged [2, [19]. According to Shukla [26],
p-metric space is a generalization of rectangular metric space. In 2019, Asim et al. [3| [4 [] extended rectangular
metric space and generalized rectangular m-metric space as rectangular Mb-metric space. See [12] [14] [15] for more
related results.

In this article, we introduce generalized weak contraction condition watching over altering distance functions ¢ € @,
1) € U below acquire fixed point of mapping A : W — W in M —metric space.

(1) ¢ (M(A, Ars)) < ¢(C(k1,k2)) — Y(D(k1, k2)) for any ky, ke € W,

with k1 < k9 and where

M(ko,Ar2)[1+M(k1,Ar1)] M(k1,Ar1)M (rk2,AkK2) }
b
)

C(k1, K2) = max 14+M (r1,k2) ’ 1+ M (k1,K2)
M(KQ, AHQ), M(K)l, Alil), M(Hl, HQ)

and
J\I(:‘ig7 Aliz)[l + M(Fél, Alil)]

1 + M(Hl, HQ)

D(k1, k) = max{ ,M(m,@)}.

We utilize the following conditions for adjusting distance functions: ® = {¢/¢ continuous, non-decreasing self
mapping on [0,+00)} ¢(v) = 0 if and only if v = 0, for v € [0,400)} and ¥ = {¢p/1) lower semi-continuous self
mapping on [0, +00) such that ¢(v) = 0 if and only if v = 0, where v € [0, +00)}.

Notation: mg , := min{m(z,z), m(y,y)}; My, = max{m(z,z), m(y,y)}
Definition 1.1. [28] For a given non empty set W, we say that a function M : W x W — [0,1) is an M—metric if

) M(k1,K1) = M (K2, k2) = M (K1, ka) if and only if k1 = ko,
m2) My, xy, < M(Kk1,K2),

) M(k1, k2) = M(k2, k1),
4) (M(Kk1,k2) — M, ky) < (M(k1,2) — My, 2) + (M(2,k2) — M ).
then, pair (k1, M) is called M —metric space.

m1l

m3

(
(
(
(m

Example 1.2. [28] Let M be M —metric space. Put

(1) @i, (K1, k2) = M (K1, K2) = 2Mie, ey + Mooy sy

(2) @, (K1, ko) = M (K1, K2) — My, ry if K1 # K2, and w? (K1, k2) = 0 if k1 = Ka.

Then w?, and w$, ordinary metrics.

As mentioned [28], each M-metric on 1474 generates T, topology 73; on W. Then set
{Bu(k1,€) i k1 € W,e >0}

where .
Bir(k1,€) i {k2 € W, M (K1, k2) < Wiy ,ko + €}

for all k1 € W and ¢ > 0, forms basis of 7.

Remark 1.3. [28] For every k1, ky € W
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1.0 < My iy + My oy = M (K1, K1) + M (K2, K2),
2. 0 § Mf-cl,/iQ - mnl,ng = |M(/€17/€1) + M(H% H2)|7
3. Mfﬂ,fiz = My ko < (MHLZ - mz,ﬁz) + (Mzﬁz + mZ,Nz)'

Definition 1.4. [28] Let (W, M) be M-metric space. Then:

1. A sequence {k1,} in M-metric space (W, M) converges to k1 € W if and only if

lim (M (K1n, K1) — My, 50) = 0.

n— oo

2. A {Kk1,} in M-metric space (W, M) is called M-Cauchy sequence if

HILII;O(M(Hln, “ilm) - Mﬁln,fﬁm )’ nlggo(Mﬁlmﬁlm — Mkin,k1,, )’

exist (and are finite).
3. An M-metric space (W, M) is said complete if every M-Cauchy sequence {x1,} in W converges, with respect
to T, to k1 € W such that

lim (M (k1n, k1) — My, k) =0 and lm (M, x; — Mk, .6,) = 0.

n—00 n—oo

Lemma 1. [211 If {k1in}tnen and {Kaon}nen are two sequences such that k1, — k1 and kg, — k2 as n — oo in
M —metric space (W, M), then

lim (M (K1, Kan) — Mgy kon ) = M (K1, k2) — Mgy in)-
n—0o0

Lemma 2. [21] If {k1, }nen is sequence such that k1, — k1 as n — oo in M —metric space (W, M), then

lim (M(Hlnv F&Q) - mﬁ1n7K2) = M("{lv "{2) - miﬂﬂm)?
n—oo

for all k1, kg € w. Moreover, M (K1, K2) = My, 1k, Further if M(ky, k1) = M (K2, K2), then k1 = Ka.

Lemma 3. [21] Let (W, M) be M-metric space & self mapping A, consider sequence {1 }nen defined by
Kint1 = Ak1p. If K1, — @ as n — oo, then Aky, — Al as n — co.

Lemma 4. [28] Let {x1,} be sequence in M-metric space (W, M) such that there exist 7 € [0,1) and M (K141, K1n) <
rM (K1n, K1n—1), for all n € N. Then

A1) limy, oo M (K1n, K1n—1) =0,
A2) limy, o0 M (K1n, k1) = 0,

A3) lime,, n—soo Mum, 1, =0,

A4) {K1,} is an M-cauchy sequence.

Definition 2.1 [24] Let f and g two self—mappings on W. If w = fry = gky for ky € W, then x; is called
coincidence point of f and g, where w is called point of coincidence of f & g.

Definition 2.2 [24] Let f and g two self—mappings defined on W.A Then f and g said to weakly compatible if
they commute every coincidence point, i.e., if frx; = gr1 for some k1 € W, then fgr, = gfk1.

Let denote set of ¢ : [W, +00) — [W, +00) satisfying:
(1) ¢ continuous and non—decreasing;
(2) ¢(v) =0 if and only if v = 0.

2 Main results

In this section, we derived several fixed point result in the context of complete partially ordered M-metric space.
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Theorem 2.1. Suppose (W, M, <) be complete partially ordered M —metric space. Consider continuous A : W =W
non—decreasing with respect to < and satisfies (1). If some k1 € W such that k; < Ak, then A has a fixed point in
w.

Proof . Consider Akg = kg, for some kg € W. assume not then kg < Arg. Now sequence {k1,} C W defined by
Kin+1 = AK1p, for n > 0. Since A non—decreasing,

(2) ko < Akg = K11 =+ R Rip 2 ARip = King1 =+ .

If as some ng € N, Kin, = King+1 ,then from (4.2), A has fixed point K1,,. Assume k1, # Kint1 ¥V n > 1. Since
Kin > Kin—1 for all n > 1, then (1),

(3) d(M(Kin,kint1)) = O(M(Akipn—1,AkK1n))
Qs(g(’iln—h ’fln)) - d)(D(fﬁn_h Iiln)).

IN

Thus from (3),
(4) M (K1n, kKint1) = M(Akin—1, Ak1n) < C(Kin—1,K1n),

where
M (K1n,Ak1n)[1+M (Kin—1,AR1n— 1)] M (K1n,Ak1n) M (K1n—1,AK1n—1)
= 1+M(K1n—1,K1n) M(K1n—1,K1n)
C(K1n—1,K1n) max
s M(K1n, Ak1n), M(/ﬁn—hAHln—O M(Kin—1,K1n)

1+NI(Hln 1, Kln) M(Kzln l,ﬁln)

M (K1n,K1nt1)[1+M (Kin—1, Kln)] M (Kin,Kint1) M (Kin—1,Kk1n)
= max
) M(Kflnv Kln-‘rl) M(K:ln—la K:ln) M(K/In 1, K/ln)

M(/fln; ’iln-l-l)M(’iln—ly ’iln)
14+ M(Kin—1,Kin)
M (Kin, Bint1), M(Kin—1,K1n)} -

= max M(Kip, Kin+1)s

M (Kip—1, /ﬁn)}

IN

max

——

If max{M (Kin, Kin+1), M(Kin—1,K1n)} = M(Kin,K1nt1) for some n > 1, from (4) we have M(Kin, Kint1) <
M (K1n, K1n+1) this a contradiction. Hence,

max { M (Kin, K1n+1)s M (Kin—1, f1n)} = M (K1n—1, k1) for all n > 1.

Thus (4)
(5) M(Kin, Kint1) < M(Kin—1,Kin)-

Now, we prove that {k1,} is an M —cauchy sequence W. By (M4),

M(K2n+1’ "4‘2n+3) = Megpi1,konys < (M(ﬁ12n+1’ ’%12"-"-2) - m'ﬁ12n+1,f€12n+2) + (M(K12n+27 K12n+3) - m512n+27f€12n+3)
<M (Ki2n41; F1znt2) + M (Ki2nt2, F12n43)-

Similarly

M(H12n+17 "{12”4—4) T Meion11,k12n44 < (M(’112n+17 Hl2n+2) - mf€12n+17f€12n+2) + (M(‘%12n+25 512n+4) - mf€12n+27*€12n+4)
<M (K12n+1, F12n+2) + M (K12n42, K12n43) + M (K12n43, K12n44)-

In general, for all ¢ > p > n; with p = 2n + 1, we obtain
M(’ilp7 ’flq) - mnlp Klg Z M 5177 le—&-l < Z,va

The convergence of series >°;°  1; leads

(6) lim (M (k1p, K1g) = My nr,) = O

P,qg—0
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By same way,

q—1 q—1
mﬁlp,ﬁlq - mmp,ﬁlq < (mH1i7ﬂli+1 - mK1i7ﬂli+1) < E :mnlﬂli.ﬁ,li+17

1=p i=p
q—1 q—1

< M (K1, k1i) < M (F1is K1it1),
i=p i=p
qg—1

< Hi-
i=p
q—1

The convergence of series Zi:p i
p}]iinoo (Mlﬂp,lﬂq - m51p7l€1q) =0
Therefore, {£1,} is M —cauchy sequence in W. Since W is M-complete, then there exist k1 € W so Kin — K1 as
n — oo, implies that k12,41 — k1 and Ki2p41 — K1 as n — oo. Also,completeness of W implies that k1, — t for
t € W. Furthermore, continuity of A, then

At) = A(nh—{& Kin) = nh_{%o A(k1n) = nh_)n;o Kint1 = t,

which shows that A has a fixed point ¢ € W. O

Example 2.2. Let W = [0,1] and M : W x W — W be a M-metric space defined by
M (K1, ko) = |K1 — kal,

with < and A : W — W defined

and ¢(t) = £ and ¢ = logt where t € [0, 00).

Solution: It is clear that M (ky, k2) = |k1 — k2| is a M-metric space on w.
P(M (A3, Ac)) < ¢(C(5,¢)) —(D(5,6)).
Therefore all condition of result (2.1) satisfied. Hence, A has 0 as unique fixed point in WW.
We have the following result in which the mapping A is not continuous, still is valid to have a faxed point.

Theorem 2.3. By Result 2.1, non—continuous A : W — W has fixed point if W meets conditions, non—decreasing
{k1n} € W such that k1, — 0 € W then k1, <X 0 for § € N, that is, 6 = sup ki,,.

Proof . As from Result 2.1, a non—decreasing cauchy {x1,} C 7% exist such that r1, — 6 € W. Hence condition,
Kin 20V n, 0 =supki,. Next to show that 6 is fixed point of A in W. Assume that A0 = 6.

M(0,A0)[1+M (k1n,Ak1n)] M(0,A0) M (K1y,AK1n)
vM(07A9)7M(Kln»AKfln)uM(ﬁlnve) ,

C(k1n,0) = max { T+ M(510,0) T TEM(k1n,0)

and
M(aa AQ)[l + M(K/ln7 Anln)]

D(KJTMG) = max{ 1+ M(mn,G) 7M(K’1n59)} :

As n — +oo and since {k1,} is cauchy sequence in M-metric space then M-metric space complete there exist
k1 € W 80 k1, — K1 as n — oo,which implies that k1,41 — k1 and K142 — K1 as 1 — oo.

li_)m (M(lﬁn, /‘01) - mmmm) = 0.
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Since
Jim (M(k15, 1)) =0,
we have,
(7) ILm C(k1n,0) = max{M (6, A9),0} = M (6, A9),
and

(8) D (K1n,0) = max{M (0, A9),0} = M (6, A9).
Since k1, = 0 for any n, then from (1),
(9) ¢(M(Kint1,A0)) = (M (Ak1n, AD)),
< d)(g(’ilna 9)) - w(D(Hlna 9))
Taking n — oo (9) and from (7) and (8),
P(M (0, A)) < p(M(0, A9)) — (M (0, AF)) < p(M (6, AD)),
contradiction. Hence, 40 = 6, i.e., A has a fixed point § € W. O
Theorem 2.4. If every two elements of W are comparable then A has a unique fixed point in Theorems 2.1 and 2.3.

Proof . Consider § # ¢ be two fixed points of A in W, then from (1), we have
B(M(As, Ac)) < ¢(C(8,¢)) —(D(5,0)).

As a result,
(10) M(3,¢) = M (A3, Aé) < C(38,¢),
where
B M(2. A1+ M(3,A9)] M(2.ADM (5,43)
¢s.8 = max{ Mo A M3, AS). M (5.9) } ’

LM (,¢), M(3,8), M(3,¢)
= max{M(3,¢), M(3,8), M(¢,¢)}.

{ M(&,8)[14+M(5,3)] M(&,8)M(3,3) }
— max 1+M(3,6) > T1+M(3,8)

Therefore from (10), we haveM (8, ¢) < M (8, ¢), which leads contradiction to § # ¢. Thus, § = ¢é. O

Following consequences by Theorems 2.1, 2.3 and 2.3.
Corollary 2.5. In place of D (k1,k2) by C(k1,k2) in (1), same conclusions from Theorems 2.1, 2.3 and 2.3.

Corollary 2.6. Taking ¢(k1) = k1 and (k1) = (1 — k)k1 Corollary 2.5, then contraction condition,

M (&,A8)[1+M(3,A8)] M(é,A8)M(3,A3)
M(A3, A¢) < max 1+M(5,6) T 1+M(3,0)
LM (2, A8), M(5, A8), M(3,¢)

Then can arrive same conclusions as Theorems 2.1, 2.3 and 2.3. A A : WA—> W with respect to B : W= W
generalized contraction mapping, if it satisfies following condition for all §,¢ € W with B§ < B¢, ¢ € ® & ¢ € U:

(11) ¢(M (A3, A¢)) < ¢(Cp(5,¢)) — ¢¥(Dp(8,0)),

where
M(Be&,A8)[1+M(B3,A3)] M(Bé,Aé)M(Bs,A3)
3,¢) = max 1+M(B3,Bé) ’ 1+ M (B3,Bé) ’
Cs(59 { , M (B¢, A¢), M(Bs, As), M (B3, Bé) }
and

M (B¢, Bé)[1 + M (B3, A3)]
1+ M(BS, Bé)

Dp(s,¢) = max{ ,M(Bé,Bé)} .
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Theorem 2.7. Two continuous self-mappings A, B : W — W coincidence point, if following conditions holds:
1. A monotone B—non—decreasing,
2. AW C BW and a pair (A, B) are compatible,
3. Brg =X Akg for some kg € W,
4. Satisfies condition (11) complete partially ordered M —metric space (W, M, =x).

Proof . Result 2.2 of [I0], have sequences {3,},{¢,} € W with

(14) &, = AS,, = A,y for all n >0,

which
(15) BéOjBélj"'jBénjBén-i-lj"'7

now from, we have to show that

(16) M(Aé,, Aény1) < KM (én,¢n41) for all n > 1 and where k € {0, 1).
From (11), (14) and (15),

> ¢(QB(§nv §n+1)) - w(DB@m '§n+1))-

N

where

1+M(B3y,Bént1) ) 1+M(B3,,Bént1)

, M(B3p41,ASpn11), M(BS,, Asy,), M (BS,,, B5,+11)

M(Béni1,A8p41)[14+M(Bn,Asn)] M(Bni1,A8n41)M(Bs,,As,)
Cp(8n,8n41) = max )

M(6n7én+1)[1+M(énfl ;6n)] M(énfl 7én)M(én7én+1)
= max 1":M(énil7én) . ’A 1+M(§n—1767}\) 5
) M(Cn—la Cn), M(Cn; Cn+1), M(Cn—17 Cn)

max {M (¢n, ény1), M(¢n—1,¢n)}.

IN

and

o M(BSp41, ASpny1)[1 + M (BS,, Asy)]
D nsyon = ~ ~
B(5n: Sni1) max{ 1+ M(B3,, Béns1)
M(é'ruénJrl)[l + M(énfhén)] N ~
= M n—1,Cn )
max{ 1+ M(én_1,6n) M1, 80)
= maX{M(énaén+1)aM(én7176n)}

aM(BgnaB§n+l)} )

From (17),
(18) ¢(M(Acp, Atny1)) < ¢(max{M(Cn,Cny1), M(Cn-1,¢n)}), —(max {M(én,ént1), M(En_1,En)})-

It M(én—la én) < M(éna én-‘rl) some 7, Eq (18)7

(19) ¢(M(Aén7 Aén-‘rl)) S d)(M(éna én-&-l)) - ¢(M(5n, én+1)) S ¢(M(én7 én+1))7
or equivalently
(20) ¢(M(Aén, Abny1)) < ¢(M(Cn, Cnt1)),
a contradiction. Therefore, from Eq. (18) we have
(21) ¢(M(n, Eny1)) < H(M(En-1,En))-
Hence, k € [0,1). By Lemma 3.1 of [22] and from eq. (16),

lim A8, = lim BA§,,, =a, forae W,
n—+oo n——4oo
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From condition (b), we have
lim M(BA(S,),AB(5,)) =0,

n—-+4oo

continuity of A and B we have, lim,,_, ;oo BA(5,) = B, lim,,— 4o AB(8,,) = Aa. Furthermore,
(22) M(Aﬂ, Bﬂ) < (M(Aﬂ,7 ABﬁ) — mAi’ABa) + (M(ABLNL, Bﬂ) — mABavAﬁ) + Mmaa,Ba-

Thus, M (Aw, Bi) =0 as n — 40 in (22) hence result. O
Following result without continuity property B and L in Theorem 2.7.

Theorem 2.8. If W property in Theorem 2.7 that {B§,} C W non— decreasing such that lim,,—, ;o B$, = B3 € BW,
and BW C W is closed B3, < B3, Bs < B(BS3) for n and B§y < A§p for some § € W then weakly compatible
mappings A, B have coincidence point. When A and B commute there coincidence points, then A, B have a common
fixed point in w.

Proof . From Theorem 2.7, {3,,} = {A45,} = {BS,+1} is a Cauchy sequence. Since Bz closed, we have

lim AS, = lim B, = Bsfor s € w.

n—-+oo n—-+
Thus, B3, < BS§ for all n. Next show A, B have coincidence points. From (11),

(23) ¢(M(ASn, A3)) < &(Cp(8n, 8)) — Y(Dp(3n, 5)),

where

M(Ba,A@)[1+M(B3,,As,)] M(Ba,Ad)M(Bs,,Ai,)
o) = MR T
— max {M (B, Aw),0, M(Bi, Aw),0,0} = M(Ba, Ai) as n — +00
M (Ba, Ba)[l + M (B3, As,)]
1+ M(Bs,, Bu)

Dg(8n,a) max{ ,M(Bén,Bﬂ)},

— max{M (Bu, Bu),0} = M(Bu, Ba) as n — +00. Thus Eq.(23) becomes

(24) ¢( lim M(As,, A3)) < ¢(M(Ba, Awi)) — (M (Ba, Aw)) < ¢(M(Bi, Aw)).

n—-+o0o

As a result,
(25) lim M(AS,, AS) < M(Bu, Ad).

n—4o0o

Furthermore, the triangular inequality of M,

(26) M(Bﬂ, Aft) < (M(Bﬁ, AB’LNL) — mBa’ABﬁ) -+ (M(AB@, AfL) — mABﬂ_’Ag) + Mpa,Aa-

Egs. (25) and (26) contradiction, if Bi # At. Hence, Bt = At. Let Bt # At = p, then Ap = A(Bu) = B(Aa) =
Bp. Since Bu = B(B1u) = Bp, then Eq. (23) with Ba = Au & Bp = Ap , we get

(27) ¢(M(Au, Ap)) < ¢(Cp(u,p)) — ¢ (Dp(a,p)) < ¢(Cp(d,p)),

or equivalently,
M(Aa, Ap) < M(Aa, Ap),

which contradiction, if L@ # Lp. Thus, At = Lp=p = Au=Bp=p. O

Definition 2.9. Consider a partially ordered m-metric space (W M, <). Mapping A : W x W — W is generalized
(¢, 1) —contractive mapping with respect to B : W — W,

(28) ¢<M(A(§7 é)? A(”L 6)) < ¢(QB(§a é’ u, 6)) - w(DB(‘ga éa u, 6))
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if for all §,¢,@,6 € W with Bs < B and Bé = Bé ¢ € ¢, ¢ € ¥ and where

1+M (B3,B1) J 1+M (B3,Ba)

,M(B3, A(3,¢)), M(Bii, A(ii, 6)), M (B3, Bii)

M (Bu,A(4,0))[1+M(BS,A(8,¢8)] M(BS§,A(8,8))M(Ba,A(w,06))
QB(§a67ﬂ7é) = Imnax )

and
M (B, A(w, 0))[1 + M(BS3, A(3, ¢))

1+ M(B3, Ba)

Dp(3, ¢, 1, 0) = max{ ,M(B§,Ba)}.

Theorem 2.10. Let (VAV7 M, <) be complete partially ordered M-metric space. Assume mapping A : WxW W
satisfies condition (28), A, B continuous, A mixed B—monotone property and commutes with B. Consider, if for
(80,¢9) € W x W such that B3y < A(80,¢9), Béy = A(ég,80) and A(W X W) C B(VAV)7 then A & B coupled
coincidence point W.

Proof . From Theorem 2.3, there are two {3, }{é,} C W such that in particular, the {B3,} and {¢,} non-decreasing
and non-increasing in W. Put § = §,,,¢ = ¢é,, & = §,41, and 6 = ¢é,41 in (28),

¢(M(A(§n+17 §n+1)) = ¢(M(A(§nv én)a A(§n+17 én+1)) (2~1)
S (b(QB(g’VH é’rh §n+17 én-‘rl)) - ¢(DB(§na éna §TL+17 én+l))7
where
(30) CB(§7’L7 éna §n+1a én+1) S maX{M(B§n7 B§n+1); M(B§n+la B§n+2>}a
and

(31) D B(én’ én, <§n+17 én+1) = max{M(Bén, B§n+1), M(B§7l+1, B§T,+2)}
Therefore from (29), we have

(32) d(M(B3py1, Bdni2)) < ¢(max{M(B3,, Bé,11), M(B5,41, Bsni2)})
—p(max{ M (Bén, Béps1), M(Béns1, Bénsa)}).

Similarly by taking § = é,41, ¢ = 8,210 = 8,, 6 = §, in (28), we get
(33) ¢(M(A(Cny1,Eni1)) S@(max{M(Bén, Bény1), M(Bény1, Bénya)}) — h(max{ M (Bé,, Bény1), M(Béni1, Bénia)}).

We know that
max{¢(01), p(02)} = max{6y,02} forbi,0; € {0, +00).

Then by adding Eqgs.(32) and (33) together,

(34) ¢(5n) < ¢(maX{M(B§naB§n+l)aM(Bgn—O—laB§n+2)aM(BénaBén+1),M(Bén+1aBén+2)})
_w(maX{M(BénvBgn-‘rl)aM(Bén-‘rlaBén-‘rZ);M(BénvBén+1)7M(Bén+1aBén+2)})7

where
(35) 671 = maX{M(B§n+1, B§n+2)7 M(Bén+1, Bén+2)}
Let us denote that,

Vn = Inax{M(B§n, B§n+1), M(B§n+1, B§n+2), M(Bén7 Bén+1), M(Bén+1, Bén_i_g)}.

Hence from Egs. (32)-(35), we obtain that
(37) 0n, < V.

Now to claim that
(38) On < Klp—1,

for n > 1 and « € [0,1). Suppose that if v,, = ¢, from (37), we give §,, < d,, this leads to J,, = 0 since x > 1 and thus
(38) holds. Consider V,, = max{M (BS,,, Béy+1), M(Béy, Bént1)}, that is, v, = §,,—1 then (37) and (38). From (37)
that §, < k™ therefore, M (BS,41, Bént2) < k™0¢ and M (Béy 41, Bénia) < k™dg. Shows that {B3,} and {Bé,} in
W Cauchy sequences from Lemma(3.1) of [15]. Therefore, Result(2.2) that A and B in W coincidence point. [J
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Corollary 2.11. Suppose that (W, M, <) is a complete partially ordered M-metric space. Suppose that continuous
mapping A : W x W — W has a mixed monotone property and satisfies contraction conditions for any §,¢, 4,0 € W
such that s Xt and ¢ > dand kK > 2, ¢ € ® and Y € U,

where
M(B'a,A(a,w([gzg(?s,A(g,e)J M(Bé,A(éﬁ()éw(ga),A(am)
§,¢,U,0) = ma; 1+ 5,Ba ’ T+ 3,Ba :
Ol V=M M(Bs A(5.¢)), M(Bi, A, 6)). M (Bs, Ba)
and

M (Bii, A(@i, 6))[1 + M (B3, A(3, )]
1+ M(Bs, Ba)

DB(§,é,ﬂ,6):maX{ 7M(Bé,B)}.

If there exist, (80, é)e W x W such that §9 < A(30, &) and & < A(é, 8¢) ,then A has a coupled fixed point in .

Theorem 2.12. A unique coupled common fixed point as A and B exist in Result(2.9), if for (5,¢), (k, 0) € W x W
there some (A, ) € W x W such that (A(X, 1), A(u, A)) comparable (A(S,é), A(é, 8)) and (A(k, 0), A(o, K)).

Proof . By Theorem 2.10, the mappings A & B coupled coincidence point W. Let (3,é), (k,0) € W x W two
coupled coincidence points of A and B . Now, claim that Bs = Br and B¢ = Bo. By hypotheses (A(A, u), A(u, A)
comparable to (A(S,¢), A(¢, §)) for some (A, p) € W x W.

(AN 1), A, N))
(A, 1), A(ps A)).

(A(5,¢), A 8))

<
(A(k, 0), Ao, k) <

Suppose Ao = A and g = u there is point (A1, p1) € W x W such that
B(A1) = A(do,p0), Blpa) = Alpo,ho) (n = 1),
We have sequences {B\,} and {Bpu,} in W repeated application above argument,

B(/\n-i-l) = A()\na,LLn)7 B(/Jn-‘rl) = A(UmAn)'

Similarly, defoe the sequences {B3,}, {Bé,} and {Bk,}, {Bo,} in W by setting 8y = § and & = ¢ and ko = & ,
0o = 0. Furthermore, we have BS,, — A(S,¢), Bé, — A(¢, §), Bk, — A(k, 0), Bon — Ao, k), (n > 1). Therefore by
induction,

(B, Béy) < (B(A), B(tin)), n > 0.

Now from Eq. (28),

(39) ¢(M (B3, BAny1)) = O(M(A(3,¢), A(An, ttn))
< A(Cp(5,8 Ans pn)) — Y(DB(8, 6 Ans pin)),
where
M(BXp , A(Mn,pn))[1+M (B3,A(5,6)] M(BS3,A(3,6))M(BXn,A(An,tin))
Cp(5: & An, fin) = max { L M( %ﬁ?g’,?;i)M(B,\m A, unlﬁﬂﬁﬁ(?B?’fB)/\n) } ’
and

M (B, A(An, pn))[1 + M (B3, A(8, 8)]

Dg(8, & An, ftn) = max{ 1+ M(B3, B\,

,M(B3, BAy)}.
As a result of Eq. (39),

As consequence of similar argument,

(41) G(M(BE, Bjins1)) < 6(M(Bé, Bun)) — (M (Be, Byy)-
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Therefore from (40) and (41),

(42) ¢p(max {M (B3, BAnt1), M(BE, Bni1)} < ¢(max{M(Bs, BA,), M(Bé, Buy)})
—p(max {M (B3, B\,,), M (Bé, Buy)})
< ¢(max {M (B3, BA,), M(Bé, Buy)}).

The property ¢ implies that,

max {M(BS, BAn+1), M(Bé, Bup+1)} < max{M(BS, B\,), M(Bé, Buy)} .

Hence, max{M (B3, B\,), M (B¢, Bu,)} bounded below decreasing sequence of R and by result,

lim max {M(BS, B\,), M(Bé, Bu,)} =T, T > 0.

n—-+o0o

Therefore as n — 400 in Eq.(42),
P(I') < ¢(T') = 4(I),
derived ¢ (T") = 0. Hence, T' = 0.

lim max{M (B3, B\,), M(Bé¢ Buy,)} = 0.

n—-+oo

Thus,
(43) ngrfm M(BS,BX,) =0 and ngr}rloo M (B¢, Buy,) = 0.

Also from above same argument,

(44) lim M(Bk,BA,)=0and lim M(Bg,Bu,)=0.
n—-+4o0o

n—-+o0o

Therefore from (43) and (44), B§ = Bk and Bé = Bp. Since B§ = A(8,¢) and Bé = A(é,§) commutativity
property of A and B,

(45) B(B3) = B(A(3,¢)) = A(B3, Bé) and B(Bé) = B(A(é, §)) = A(Bé, As).

If B§ = X and Bé = p from (45), we get
(46) B(A) = A(X, 1) and B(p) = Ay, ),

this shows that (A, 1) coupled coincidence points of A and B . Hence, B(\) = Bk and B(p) = Bp which in turn gives
that B(A\) = XA and B(u) = p. Therefore, we conclude from (46) that (A, ) is coupled common faxed point of A and B.
Consider (A, 1) another coupled common fixed point to A and B. Thus A = B(A) = A(\, u) and p = B(p) = A(p, A).
But (u,A) is a coupled common fixed point of A and B then B(A\) = B$ = X and B(u) = Bé = u. Therefore,
A= BXA=BA= )\ \=Bu= Bu= u. Hence the uniqueness.

Theorem 2.13. If B3y < Béy or B3g = Bég in Result 2.11, then A and B have a unique common fixed point in w.

Proof . Consider (§,¢) € W is unique coupled common fixed point of A and B. Next show that § = é. Suppose that
B3y = B¢y by induction, §,, <X Bé,, for all n > 0. Lemma 2 of [16], we have

P(M(3,¢)) < nETwsup¢(M(§n+1,én+1))
= Jlim sup (M (A(n, én), A(Cn, 3n)))
< Jlim sup(Cp(3n,En,Cns8n)) — lim supP(Dp(8n, Cn, n, 8n))
< @(M(3,8) = lim supy(Dp(3n, énsén:8n))
< @(M(5,0)),

which is a contradiction. Hence, § = ¢. OJ



204

Hassan, Ishtiaq, Ray

3 Conclusion

In this manuscript, we derived several fixed point results in the context of partially ordered m-metric space. Our

results are more generalized in the existing literature. This work can be extend in the context of many generalized
spaces including fuzzy m-metric spaces, partially ordered fuzzy m-metric spaces, partially ordered metric-like spaces.
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