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Abstract

This paper seeks to prove the pathwise uniqueness of an abstract stochastic partial differential equation in Hilbert
spaces driven by both Poisson random measure and the Wiener process with Hoélder continuous drift. The main
idea is based on the corresponding infinite-dimensional Kolmogorov equation. In addition, the main result is further
supported by the help of an example.
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1 Introduction

The theory of stochastic differential equations driven by Lévy noise has been a central issue for different studies.
Understanding how the noise can improve the uniqueness for SPDEs, while the corresponding PDEs do not have this
property, is a topic of great interest. For instance, consider the following deterministic differential equation:

dXt = f(Xt)dt, XQ = Xp. (11)

It is well-known that if f is a Lipschitz continuous function, the equation is well-posed, instead if f is only Holder
continuous, it is not well-posed. For example, let f(x) = |z|Y with 0 < v < 1 and X, = 0, then equation has two
solutions: X; = 0 and X; = (1 — 'y)tﬁ. Nonetheless, if equation 1' is considered by a strong enough noise, the
equation becomes well-posed for many singular f’s. To put it simply, consider the following SDE on R™:

dX, = b(X,)dt + dZ,, Xo = . (1.2)

In the case that Z; is an m-dimensional standard Wiener noise and b is a bounded measurable function, Veretennikov
[18] first proved the existence of a unique strong solution for SDE . In the finite dimensional case, this result has
been extended in various directions, see for example [7], [9], [8], [10], [I2], [I3]. Also Veretennikov’s result has been
extended to stochastic evolution equations in Hilbert and Banach spaces, see [2], [3], [4], [5]. Studying the pathwise
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uniqueness of SDE , when Z; is a symmetric a-stable process or Poisson random measure, is faced with more
difficulties. Tanaka et al. [I7] analyzed the SDE with a symmetric a-stable noise and proved the existence of
a unique strong solution for this equation in the case m = 1 and « > 1 with bounded continuous drift b. Also they
substantiated that when m = 1 and aw+ 8 < 1, even a bounded and p-Hélder continuous function b is not enough for
the pathwise uniqueness . On the other hand, when the parameters «, § satisfy > 1—§ with a € [1,2), Priola et al.
[15] demonstrated the pathwise uniqueness for SDE ((1.2]) when the function b is bounded and -Holder continuous.

In the case of infinite dimensional case, Desheng Yang [19] proved the pathwise uniqueness of stochastic evolution
equations in Hilbert spaces with a-stable noise and bounded S-Holder continuous drift term. Also, Sun et al. [16]
proved the pathwise uniqueness of stochastic evolution equations in Hilbert spaces driven by cylindrical a-stable
process and S-Holder continuous drift term.

Let (2, F,{Fi}t>0,P) be a filtered probability space and N(dt,dz) be a Poisson random measure on the Borel
o-algebra B(R' x H) with intensity measure v(dx)dt. This paper is designed to prove the pathwise uniqueness of the
mild solution of the following stochastic differential equation,

dX, = AX,dt + B(t, X,)dt + F(t, X;)dt + dW, + / aN(dt, dz), Xo=xz €, (1.3)
H

where

o (H,(..),|.]) is a separable Hilbert space.
e A: D(A) CH — H is the infinitesimal generator of a Cp-semigroup (e*4)
space H.

+>0 of linear operators in Hilbert

e B:[0,T] xH — H is Holder continuous in x uniformly in ¢ and F : [0,T] x H — H is locally Lipschitz
continuous.

e W, is a Wiener process in Hilbert space H with covariance operator @ and N(dt,dx) = N(dt,dz) — v(dx)dt
denotes the compensated Poisson random measure corresponding to N (dt,dx) and it is independent of W;. For
more details about Poisson random measure and Wiener process in Hilbert spaces and definition and properties
of integral with respect to W; and N (dt, dx), consult [14], [6].

As far as we know, little attention has been paid to the pathwise uniqueness for stochastic evolution equations
in Hilbert spaces driven by both Wiener process and Poisson random measure with Holder continuous drift. The
main technical ingredient of this study is a regularity result for a nonhomogeneous infinite dimensional Kolmogorov
equations.

This paper is organized as follows. The second section provides an explanation for some notations, assumptions
and results used throughout this paper and in Section 3, we go through the regularity results of the Ornstein-Ulenbeck
semigroup and the associated Kolmogorov equation. Also we focus on the proof of the main theorem and corroborate
our main claim by an example.

2 Preliminaries

We are given a separable Hilbert space H (equipped with inner product (.,.) and norm |.|). In the sequel, the space
of all bounded linear operators from # into H will be denoted by L(H,H), also ||.||1(2,2) and [|.|[ Lz, 03, %)) always
denote the usual operator norm of a linear bounded operator from H into H and L(H,H), respectively. On the other
hand, ||.||zs indicates the Hilbert—Schmidt norm (cf. [6], chapter 4).

For a,T > 0, the space C([0,T]; C¢(H,H)) stands for all continuous bounded functions f : [0,7] x H — H for
which there exists C' > 0 such that:

|f(t,l')*f(t,y)|§0|l'fy|a, l‘,yEH,tG[O,T],

equipped with the following norm

t — f(t
fla= swp  |f(ta)+ sup sup DI
te[0,T],xeH te[0,T] x#yEH |z -y

)
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and Lip(H,H) stands for the usual space of Lipschitz continuous functions in H. Throughout this paper, we fix a
complete orthonormal system {ey},>1 for Hilbert space H. Also, we shall denote the components of any H-valued
function ¢ with respect to {e,}n>1 by @n, i.€., on(r) = (p(z), €n).

Now we list the assumptions used throughout this paper
H1. A is self adjoint and Ae, = —ane, with a, > 0, a;, T 00,

H2. [, |x]*v(dz) < oo,

2
H3. S0 1Bela o o

n=1 a,

H4. the operator Q; = fot esAQesA" ds is trace class,
1
H5. et4(H) C Q7 (H) for all t > 0,

1 -1
H6. the bounded operator A; = Q, et/ satisfies fOT HAleLTfL 3@t < 0o for some 6 > max (a, 1 — ), where by Q7

1
we denote the pseudo-inverse of Q)7 ,

H7. B € C([0,T};C¢(H,H)) and F € C([0,T]; Lip(H,H)) for some o, T > 0.

In this part, we introduce Ornstein-Ulenbeck process and provide some results which play an important role in the
proof of our main results. Firstly, let us define some of the spaces we use throughout this paper

(i) Bp(H) (resp. By(H,H)) denotes the space of all bounded real-valued (resp. H-valued) functions on H.
(ii) UCy(H,H) stands for the space of all uniformly continuous and bounded functions from # into H.

(iii) UCZ(H,H) is the space of all functions f : H — H which are twice Fréchet differentiable on H with a uniformly
continuous and bounded second derivative D?f.

We consider the following equation:

dZF = AZEdt + dW, +/ yN(dt,dy), 28 =z €M, (2.1)
H

This equation has a unique mild solution for any initial value z € H as follows
t t o
78 =elr 4 / et qw, + / / =94y N (ds, dy).
0 0 JH

The solution Z7 is called the Ornstein-Ulenbeck process. The process Wa(t) = et4x + fot et=9)AdW, is Gaussian

with mean e’“z and covariance operator Q; = fot e*4Qe’A" ds, see [6] for more details . We denote the law of W (t)

by Netay q,. Suppose that R, : By(H) — By(H) is the corresponding semigroup defined as Ryp(x) = E[@(Z7)], then
we have

Rp(x) = Blp(Z7)] = /H L oy + 2)Nowng 0 (dy)sif (d2),

t
y;w:/ / =4y N (ds, dy).
0o Ju

Let us introduce the analogous semigroup on H-valued functions as follows:

where pf is the law of

Rip(z) = E[p(Z7)), ¢ € By(H.H).

Clearly, we have o
(Rep(x), 9) = Repg(x),  @g(x) = (p(x),9), g € H.

The following theorem is argued in [3].
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Theorem 2.1. Let R be the semigroup defined on By (H, H) as R)¢(z) = [, p(e'*z+y)Ng, (dy), then by considering
the assumption Hb, we get

¢ € UCy(H,H) = R} € UC}(H,H),
for every t > 0.
Furthermore, the differential DRY¢(z) € L(H,H) at each fixed z € H is the linear operator given by

o
DR p(x)g = / (Arg. Q)7 y)p(ex +y)Ng, (dy), geH,
M
and the second order derivative D?RYp(z) € L(H, L(H,H)) is as follows

[D2Rp(z)glk = A (Mg, Qi 1) (A, Q)% 3) — (Avg, Aoz + ) No, (dy).

Finally,

IDRYo(x) | L3.20) < Al L3030 |0l o
||D2R?90(I)||L(H,L(H,H)) < \@”At”QL(H,H)HS@”ooa

where [[¢]loc = sup,ey ()]
As a consequence of this theorem, we prove the following lemma.

Lemma 2.2. Let assumption H5 hold. Then for every ¢t > 0 and ¢ € UC,(H,H), we have Ryp € UCE(H,H),
moreover for each ¢t > 0 and g,k € H, we get

DRyp(x)g = /H /H (Mg, Q?l y)yp(e a4+ y + 2)Ng, (dy) i (dz),

and
(D> R (a)glk — / / [(Aegs QF 9) Ak, Q1% y) — (Avgs Ak (e +y + 2)Noy, (dy) e (dz).
HIH

Finally, we have

DR ()| Lae,20) < 1Al Lor, 20 1]l oo
ID*Reo(2) | L3, Lr 1) < V2IALNT (3420 12l so-

Proof . The validity of part 1 and 2 is obtained from the preceding theorem, so it suffices to prove the last part. We
have

pi(dz)

— =
|IDRp(x)g] SL‘/HMtg,Qf yye(es +y+ 2)Ng, (dy)
< /H HAt”L(H,H)||50||00|9|Nt(dz) = ||AtHL(”H,H)||<PHOO|g|a

and

pe(dz)

[D*Rep(x)glk| < [(Aeg, Q77 w)(Aek, Qi y) — (Aeg, Akp(etAa + y + 2) No, (dy)
H H

< \/5/H 1ALl (32,20l lloo |l Kl it (d2) = V2] Al 73 30) 2]l 9] K.
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3 Main Results

At first, we consider the sequence of the following backward equations of Kolmogorov type on [0, 7] with values in
H:
oV, 1 2
W(t,x) + (Az, DV, (t,x)) + (B(t,z), DV, (t,x)) + §TT(QD Vi(t,z)) (3.1)
4 [ (i ) = Valt,2) = (DVa(t.0).9))v(dy) = Bu(t.2),
H
Vo(T,2) =0,
where B,, denotes the nth component of B. In the following lemma, we prove that equation (3.1)) has a unique regular

o0
solution for each n > 1 and we also analyze the properties of the H-valued function V (¢, z) = 3 V,, (¢, x)e,.
n=1

Lemma 3.1. Let the assumptions H1-H7 hold. Then for small enough T, equation (3.1) has a unique solution for
each n > 1 such that V € C([0,T);UCZ(H,H)). If we set Kr = || DV, then limy_,o K7 = 0. Furthermore, for
some constant Cr > 0, we have || D?V,,||« < C7||By||o for every n € N.

Proof . For the sake of simplicity, we use the following forward notations for the PDE. The final result will apply to
the backward PDE (3.1)).

%(t,x) = (Az, DV, (t,x)) + %Tr(QDan(t,x))—i- (3.2)

L (Valts + ) — Vit ) — (DVaa(t,2), 9))w(dy) + (B(t, x), DV (t,2)) + Bu(t, z),

V. (0,z) = 0.

For any ¢ of class C?, applying the Itd’s formula to the process (@(Zf))po, we have

d0(Z5) = (D28 ). d27) + 5Tr [Q D o(2i )] di

+ [ (ol 40— 025 ~ (D o(z ).0) )Nt dy)
H
— (D) AZ)dt +(D (72 ), dW3) + (D p(2), [ yN(dtdy) + 370 [Q P o( 27 )] de
H
+ / (#(Z)~ +y) = $(Z{) = (D¥(Z[-),y) )N (dt, dy).
H

Consequently
t . ¢
Ripla) = Elp(#7)) = ola) + B [ (Do(z2) Az} dr 4 5E [ 10 QD ol ]

0 0
t

+E (p(Z7 +y) — w(Z7-) = (p(Z2-),y) )v(dy)dr.
/]

By the dominated convergence theorem, we have

Apta) =ty PEDZAT 0, Do) + T [Q 0% 0l + [ (ol +3) = (o) — (Dila).o) Jvld),
H

which A denotes the infinitesimal generator of semigroup R;. Therefore, equation (3.2) is equivalent to the following
equation for each fixed ¢t > 0.
oV,
ot

(t,x) = AV, (t,x) + (B(t,z), DV, (t,z)) + Bn(t, ),
Viu(0,2) = 0. (3.3)
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By writing the PDE ({3.3)) in convolution form, we get

Vit z) = /O Ro_y ((B(s), DV (s)) + Bu(s)) (2)ds,

where we have used B(s) instead of B(s,.) for simplicity and so on. Notice that for a fixed ¢ > 0, the Fréchet derivative
of V(t,.) at each x € H is a Linear operator on H and for every p € H,

(DV (t,2)p, en) = (DV,(t, x), p).
Therefore, we have .
Valt, ) = / Rio((DV(5)B(s) + B(s), en)) (2)ds,

and finally we get the following H-valued equation
t
Vit.o) = [ R ((B(s). DIV() + B() (@)ds, (3.4)
0

where V(t,z) = Y V,(t,z)e, and we have denoted Y (B(s), DV, (s)) e, by (B(s), D)V (s). Finally, according to
n=1 n=1

Lemma the semigroups RY and R; have the same regularity properties, so by considering Theorem 5 in [3],

equation (3.4) has a unique solution with the mentioned properties in the theorem and this completes the proof. [

Now, let V be the solution of the equation (3.4)), under assumptions H1-H7 the following Zvonkin’s transformation
holds.

Theorem 3.2. X, is a mild solution of equation (1.3]) if and only if it satisfies the following equation
t
X; =z - V(0,2)) + V(t, X;) + / A=AV (s, X, )ds (3.5)
0
t t
- / e=)ADV (s, X, )F(s, X,)ds +/ e=)AR (s, X,)ds
0 0

t t
/ e=ADV (s, X, )dW, +/ et Aqmw,
0

// AV (s, Xo- +y) = V(s, X)) N(ds, dy)

—|—/ / e(t*S)Ayﬁ(ds,dy).
0 JH

Proof . According to Lemma [3.1] V,, is smooth enough for each n € N, so by using It6’s formula, we have

= &(t,Xt)dzH— (DV,(t, X ),dXy) + 1Tr(QD2 Vi (t, X)) dt (3.6)

an(tvxt) ot

+/ (Val(t, Xo- 4+ y) = Vou(t, Xy- ) — (DViu(t, X4 ), ) ) N (dt, dy).
H

aax? (t,z) in equation |i we

By substituting X;- with z in equation 1

arrive at

dVy, (t, Xt) = By (t, X¢)dt — (AXy, DV, (t, Xy))dt — (B(t, X¢), DV, (t, X¢))dt

- %TT(QDQ W (t, Xy))dt — /H (Valt, X~ +y

) = Valt, X ) — (DV,u(t, X)), y) ) v(dy)dt
+ (DV,(t, Xy), AX)dt + (DVy (t, Xy), B(t, Xy))dt + (DVi (£, X3), F(t, Xy))dt

+ <DVn(t7 Xt_ )7 th> + / <DVn(t7 Xt_ )7 y>N(dt7 dy)
H

+ ;T’I‘(QD2 w(t, Xt))dt +/ (Vn(t,th +y) = Valt, X;-) — (DVn(t,th),y))N(dt,dy).
H
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After some simplification, we get
AV (t, Xt) = Bp(t, Xp)dt + (DV,, (¢, Xy), F(t, Xy))dt + (DV,(t, X;- ), dWy)
/H (Valt, Xo- +y) — Vi (t, X- ) ) N (dt, dy)
(

<B t, X;)dt + DV (t, Xy )F(t, X;)dt + DV (t, X;- )dW,

+

+/ (V(t,th +y)— Vi, th))N(dt,dy),en)

X

Namely
dV (t,X:) = B(t, Xy)dt + DV (t, X;) F(t, X;)dt + DV (¢, X;— )dW, (3.7)

+/ (V(t, X~ +y) — V(t, X,-))N(dt,dy),
H

(o]
where V(t,2) = > V,(t,x)e,. By substituting the value of B(t, X;)dt from equation 1] in equation 1' we get
n=1

dX, = AX,dt + dV(t,X;) — DV (t, X;)F(t, X;)dt + F(t, X;)dt
- / (V(t, X- +y) = V(t, Xo-))N(dt, dy)
H

- DV(t, th )th + th + / yﬁ(dt, dy)
H
From the usual variation of constant method, we get

t t
X, = ez —|—/ =40V (s, X,) — / e =)ADV (s, X, )F(s, X,)ds (3.8)
0 0

t t t
+/ e(t’S)AF(s,XS)dsf/ e(t*S)ADV(s,Xsf)dWer/ =) Aqmw,
0 0

0
t
[ AV, ) = V(s X)) N (ds.dy)
0 JH
t
+ / / 6(t75)AyN(d5, dy).
0 JH
Using integration by parts in the first integral of the equation above, we have
t t
/ =49V (s, X,) = eV (0,2) + V(t, X;) + / A=AV (s, X,)ds.
0 0
We put this formula in equation (3.8]) and finally get
t
Xy =2 - V(0,2)) + V(t, Xy) +/ Aet=9AY (s, X,)ds (3.9)

0

t t
—/ e(t_s)ADV(s,XS)F(s,XS)ds+/ eI (s, X )ds
0 0
t t
_/ e(t*S)ADV(s,Xsf)dWs+/ et Aqw,
0 0

t t
+/ / A (V (s, X, +y)—V(s,XS_))N(ds,dy)+/ / =94 N (ds, dy).
0 JH 0 JH

We are now in a position to prove our main theorem.
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Theorem 3.3. Assume that assumptions H1-H7 hold, then for sufficiently small T, pathwise uniqueness holds for
mild solution of equation (1.3)) on [0, T].

Proof . Let X} and X? be two solutions of equation (1.3), both starting at € H. By Theorem m the difference
Y; = X} — X} satisfies

t
Y, =V(t, X}) = V(t,X?) +/ A=AV (s, X1 — V (s, X2)]ds
0

t
- / =DA[DV (s, X1 F (s, X1) — DV (s, X2)F (s, X?)ds
0

t t
+/ e(t_s)A[F(s,Xsl)—F(S,Xf)]ds—/ =DADV (s, XL ) — DV (s, X2 )]dW,
0 0

t
s [ AW X 4 g) = V(X ) = Vs X + V(s X)W s,y
0 H

we claim that E(fOT |Y;|2dt) = 0. Let us fix T' and choose its value at the end. By Lemma
|V(t7Xt1) _V(tqu)‘ S‘K'Tl*)(tl _Xt2‘7 te [OaT]a (3'10)
1DV (. X}) = DV (£, XP) L < O7lX) = X7, t€[0,T).

By maximal inequality, we have

I [ Aet=9A f(s)ds o,y < Ml F 1oy (3.11)
0

in which Cr is independent of f. Note that Ct does not go to zero as T — 0. Applying the following inequality
(1 + oo+ 2,)? <n(2? + ... +22),

we get the following inequality

2

t
/Ae(t*S)A[V(s,XSI)—V(s,XSZ)]ds dt

T T T
| mpa<s [ viexh - vixppacs [
0 0 0 0

2

T t
—6/ /e(t_s)A[DV(s,Xsl).F(&Xsl)—DV(s7X§).F(s,X§)]ds dt
0 0

2

T t
—1—6/ /e“—S)A[F(s,X;)—F(S,Xg)]ds dt
0 0

2

T t
+6/ / DADV (s, X1 ) — DV (s, X2 )]dW,| dt
0 0

T t 2
+ 6/ / / DAV (s, X1 4 y) = Vs, X2 +y) = V(s, XL) + V(s, X2)N(ds,dy)| dt,
0 0 JH
by inequalities ((3.10) and (3.11)), we get
T T T , T
/ |Yt\2dt§6K%/ |Yt\2dt+6MTKT/ |Yt|2dt+6TCT/ |V;|2dt
0 0 0 0
T T t 2
+6TKT/ m|2dt+6/ ‘/ e=DADV (s, XL ) — DV (s, X2 )]dW,| dt
0 0 0
2

t
/ / DAV (s, X1 4 y) = Vs, X2 +y) = V(s, XL) + V(s, X2 )N(ds,dy)| dt,
0 H

T
/
0

since by Lemma limy_,0 K7 = 0, for small enough T, we have

T T T T T
. 1
GK%/ |Yt|2dt+6MTKT/ m|2dt+6ToT/ |Yt\2dt+6TKT/ |V;|%dt < 5/ |Y;|%dt,
0 0 0 0 0
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thus we get

2

t
/ vl dt<12/ ‘/ eE=DADV (s, X1 ) — DV (s, X2)|dW, | dt

2
112 / e=IAV (5, X1 +y) = V(s, X2 +y) — V(s, X1) + V(s, X2 )|N(ds, dy)| db,
now taking expectation from both sides yields
T T t 2
/ E|Y|?dt <12 / E e<H [DV (s, X1 ) — DV (s, X2 )]dW, (3.12)
L 2
+12 ‘/ / DAV (s, X2 +9) = V(s, X2 +y) = V(s, XL )+ V(s, X2 )N (ds,dy)| dt,

also we have

2 o]

= 3 (et (D, X;,)_Dws,xg,))mem,enf

HS n,m=1

0
— E 672 oy, (t—s <
n,m=1

t=)ADV (s, X)) - DV(s,Xff)]\/@

DV (s, X DV(SaXE—))\/éem7en>2

[eS)
= Y ezt — DViu(s,X2)),\/Qe,, >
n,m=1
[e's) 2
= 267206" (t=2) Z< 3 X ) DVn(Svaf))aevn>
n=1 m=1
§ ||QHL(’;'—L77-L) Z 67206"(1578) |Dvn(saXsl—) - Dvn(Sast—)|2
n=1

> 2
< ||QHL(H,H) Z g2 on(t=s) HDanHio ‘Xslf - Xs2*|

n=1

and by Lemma we know that || D?V,,||ec < Cr||Bn|la, hence
2 T oo T
dt < C%HQHL(H,H)(/O 2672a"t|\3n||§dt)/0 Y, |ds,
n=1

by assumption H3, fo oo e 2nt||B,||2dt is finite and goes to zero when T' — 0. Hence the inequality (3.12)) for
small T" becomes

t
E‘/ =D DV (s, X1 ) = DV (s, X2)]

2

T
/ E|m2dtg24 ‘// DAV (5, X2 +y) = V(s, X2 +y)—V(s, XL )+ V(s, X2 )|N(ds,dy)| dt. (3.13)
0

By the following inequality

1
Vs, X1 +y) = V(s, X2 +y) —V(s, X)) = V(s,X2)] ‘ / (DV (s, X} +zy) — DV (s, X2 + zy))dz
0

1
< / Krlyll XL — X2 |dz = Krly|| XL — X2 |,
0

and inequality (3.13)), we get

T T t
/E|Yt|2dt§ 24/ (//E
0 0 0 JH

T t
<2kt [ ([ [ BIXE - X2 PluPrdgas)ar
0 0 JH

T
< UTK? / y2(dy) / E|vi[2dt,
H 0

2

IV (s, X +y) = Vs, X2 +y) = Vs, X30) + Vs, X)) v(dy)ds)dt
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by the assumption H2, fS{ ly|?v(dy) is finite. Hence, 24TK?F [, ly|*v(dy) — 0 as T — 0 and this gives E( fo |V, |2dt) =
0. This implies X} = The proof is completed. [J

4 An illustrated example

In this section, motivated by [3] and [II], we provide an example of equation (1.3) to illustrate an application of
our main theorem. Let H = [L?([0,27]%)]™, endowed with the usual norm ||.|| on this space and let (by)nen be an
orthonormal basis of H. Consider the following vector-valued equation for the unknown X = (Xy, ..., X;,,),

dX(t,n) = (A% + DX (t,n) + B(X(t,.)(n)))dt + AT dW (t,n) + AZ o7 (ds,dn,do), (4.1)
]R'm.

for t > 0, n € [0,27]? and ¢ € R™, with periodic boundary conditions, where for a fixed R > 0, the function B is

defined as follows:
B =0 [ TG R (12)

for all f = (f1,..., fm) € H and given g € [L* ([0, 27]%)]™

%,p>2dand5>w.

Moreover, AP, A= and A2 are pseudodifferential operators, acting componentwise [APX = (APX,...,APX,,) and
so on]. 7 is a compensated Poisson random measure on (0, 00| x [0,27]¢ x R™ with intensity measure \' ® A\ ® p
where p is a Lévy measure on R™ satisfying me o?u(do) < oo and A\ stands for d-dimensional Lebesgue measure.

Here W = (Wy,...,W,,) is a space-time white noise with values in R™, 0 < v <

Also, Z(t,dn) = f(f Jgm 07 (ds, dn, do) is an informal representation of an impulsive cylindrical process (Z(t))¢>0
on H with jump size intensity v in the sense of Definition 7.23 in [I4]. For p > 2d, the natural embedding of

Up = A2 (H) C H into H is Hilbert-Schmidt, therefore by Example 2.5 in [IT] the following series

A Z Z/ / / obn ()7 (ds, dn, do) A= b, t>0, (4.3)
O 27r m

converges for each T > 0 in MZ(H) (the space of all cadlag square integrable H-valued (F;)-martingales equipped
with norm ||XHM2 a0 = (EIX(T )H?_t))% and defines a Lévy process that satisfies the assumption H2 with covariance

1

operator Q = [g,. 02(do) A~F and intensity measure v = (A?®pu)op~! where p(z,y) = > ybn () A2 b,, (convergence
n=1

in L2([0,27]% x R™, A4 ® u;H)). Notice that A= Z(t) is an H-valued pure jump Lévy process which belongs to

M2 (H), therefore by Lévy-Ito decomposition theorem, we have A= Z(t fo I yN (dt dy) where N (dt, dy) is the
corresponding Poisson random measure on [0,¢] x H. Hence, the last term of equation (4.1])) can be written as

A7 | oR(ds,dn,do) = / yN (dt, dy).
Rm™ H

Setting A = AP + I with D(A) = [H?" ([0, Qw]d)per]m where 127 ([0, 27r]d)per is the classical Sobolev space with
periodic boundary conditions. The equation (4.1)) is rewritten in the form of equation on H. Let us check the
assumptions stated in section 2. Consider the followmg function k(y) = /|yl A R, for any y € R™, for some constant

Cr > 0, we have |k(z) — k(y)| < Cr{/|z — y|, consequently,

IBr -5 < [
[0,27]

< Clll3

/

o) [ IR0~ )y

2

dx

[ ) = 6 W)y
[0,27]¢

ol=

<ClgRCR([ 11w~ WPy

0,27

= Cllgl%CR IS = f1®
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Therefore, the function B is 1—12—H61der and it is clear that B is bounded, so the assumption HY7 is satisfied. Now,
for

Baf = gbw) [ k()

we have
2

1Bof — Buf | = (g, ba)|? < Clg,ba)PIIf = FII7,

| )~k )l
[0,27]@

therefore /
B’I‘L - Bn
Buf = Bul | o /g, ba)1,
If = f7
then we get || B,||% < v C|(g,bn)|? and
12

> [1Bull%

an

g,b V0 & e
> V*Xf s;fz;g,n :—%MF<W
hence the assumption H3 is satisfied. Notice that in this example @ = A 7 and it can be easily seen that A; =
Aﬁ (I —e2t4) =3 et4 and Q, = 1A7177(I — €*4). Finally, smce 0<vy<iandp> 1+A’), according to Lemma 9
n [3], the pair Q; and A; satisfy assumptions H4-H6 with § = 5

5 Conclusions and future work

In conclusion, we proved pathwise uniqueness for stochastic evolution equations in Hilbert spaces driven by both
Poisson random measure and Wiener process with Holder continuous drift. Thus, we extended the work done by
Flandoli et al. [3] which generalized Veretennikov’s fundamental result to infinite dimensions for Wiener noise. The
point of the trick was removing the non-regular drift B and replacing it with some new terms by means of the
corresponding infinite dimensional Kolmogorov equation, which was proved to have good Lipschitz properties. As we
saw the corresponding infinite dimensional Kolmogorov equation was a powerful tool and it could provide a strong
foundation for future works in this area. Finally, some problems are offered that will help expand and strengthen the
results of our work.

e Can a similar result be obtained by considering equation (1.3)) with multiplicative noise under Lipschitz noise
coefficients for the next step?

e Does the equation (1.3]) still have the pathwise uniqueness property by considering equation (1.3]) with values
in Banach spaces? For more details about Poisson random measure and Wiener process in Banach spaces and
definition and properties of integral with respect to W; and N(dt, dz), consult [I].

e Does the same idea work to prove the weak uniqueness of equation (|1.3[)?
Acknowledgment. We thank the reviewers for the valuable and constructive comments to our paper.

References
[1] D. Applebaum, Lévy processes and stochastic integrals in Banach spaces, Probab. Math. Stat. 27 (2007), 75—88.

[2] S. Cerrai, G. Da Prato and F. Flandoli, Pathwise uniqueness for stochastic reaction-diffusion equations in Banach
spaces with an Holder drift component, Stoch. Partial Differ. Equ. Anal. Comput. 1 (2013), 507—551.

[3] G. Da Prato and F. Flandoli, Pathwise uniqueness for a class of SDE in Hilbert spaces and applications, J. Funct.
Anal. 259 (2010), 243--267.

[4] G. Da Prato, F. Flandoli, E. Priola and M. Rockner, Strong uniqueness for stochastic evolution equations in
Hilbert spaces perturbed by a bounded measurable drift, Ann. Probab. 41 (2013), 3306-3344.



190

[5]

[16]

[17]

[18]

Zamani, Vaezpour, Salavati

G. Da Prato, F. Flandoli, E. Priola and M. Rockner, Strong uniqueness for stochastic evolution equations with
unbounded measurable drift term, J. Theoret. Probab. 28 (2015), 1571—1600.

G. Da Prato and J. Zabczyk, Stochastic equations in infinite dimensions, Cambridge University Press, UK, 2014.
A M. Davie, Uniqueness of solutions of stochastic differential equations, Int. Math. Res. Not. 2007 (2007), 1—26.

E. Fedrizzi and F. Flandoli, Pathwise uniqueness and continuous dependence for SDEs with non-regular drift,
Stochastics 83 (2011), 241—257.

F. Flandoli, M. Gubinelli and E. Priola, Well-posedness of the transport equation by stochastic perturbation,
Invent. Math. 180 (2010), 1-53.

I. Gyongy and T. Martinez, On stochastic differential equations with locally unbounded drift, Czechoslovak Math.
J. 51 (2001), 763—783.

M. Kovacs, F. Lindner and R.L. Schilling, Weak convergence of finite element approzimations of linear stochastic
evolution equations with additive Lévy noise, SLAM/ASA J. Uncertain. Quantif. 3 (2015), 1159—1199.

N.V. Krylov and M. Roeckner, Strong solutions of stochastic equations with singular time dependent drift, Probab.
Theory Related Fields 131 (2005), 154-196.

O. Menoukeu-Pamen, T. Meyer-Brandis, T. Nilssen, F. Proske and T. Zhang, A wvariational approach to the
construction and Malliavin differentiability of strong solutions of SDEs, Math. Ann. 357 (2013), 761-799.

S. Peszat and J. Zabczyk, Stochastic Partial Differential Equations with Lévy Noise: An FEwvolution Equation
Approach, Cambridge University Press, UK, 2007.

E. Priola, Pathwise uniqueness for singular SDEs driven by stable processes, Osaka J. Math. 49 (2012), 421-447.

X. Sun, L. Xie and Y. Xie, Pathwise uniqueness for a class of SPDEs driven by cylindrical a-stable processes,
Potential Anal. 53 (2020), 659—675.

H. Tanaka, M. Tsuchiya and S. Watanabe, Perturbation of drift-type for Lévy processes, Kyoto J. Math. 14
(1974), 73-92.

A.V. Veretennikov, On the strong solutions of stochastic differential equations, Theory Probab. Appl. 24 (1980),
354-366.

D. Yang, Pathwise uniqueness for stochastic evolution equations with Holder drift and stable Lévy noise, Nonlinear
Differ. Equ. Appl. 25 (2018), 1-7.



	Introduction
	Preliminaries
	Main Results
	An illustrated example
	Conclusions and future work

