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Abstract

In this paper, we develop a second-order optimality condition for optimal regular-singular control in the integral form
of McKean-Vlasov stochastic differential equations. The coefficients of the dynamic depend on the state process as well
as on its probability law. The control process has two components, the first being regular and absolutely continuous
and the second is an increasing process (componentwise), continuous on the left with limits on the right with bounded
variation. The regular control variable is allowed to enter into both drift and diffusion coefficients. The control domain
is assumed to be convex. Our main result is proved by applying the L-derivatives with respect to probability law.
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1 Introduction

The McKean-Vlasov equation was proposed by Kac [23] as a stochastic system for the Vlasov-Kinetic equation of
plasma and the study of which was initiated by McKean system [26]. A general class of stochastic differential equations
(SDEs) is governed by McKean-Vlasov equations in which the coefficients are not only functions of the state but also
of the probability measure induced by the state itself. A special cases of McKean-Vlasov equation is the mean-field
equation in which the coefficients depend not only on the state but also on its mean, Buckdahn [4]. Since then,
the McKean-Vlasov theory has found important applications and has become a powerful tool in many fields, such as
economics, mathematical finance, optimal control and mean-field games; see Huang, Caines, and Malhame [20] and
Lasry and Lions [24]. Stochastic differential systems of the McKean-Vlasov type are Itd’s SDEs, where the coefficients
of the state equation depend on the state of the solution process as well as of its probability law. McKean-Vlasov type
maximum principle for SDEs under partial information has been established in Wang et al. [28]. Optimal control of
mean-field jump-diffusion systems with delay has been studied by Meng and Shen [27]. The necessary and sufficient
conditions for mean-field SDEs governed by Teugels martingales associated to Lévy process have been studied in
[13| [14]. First-order local maximum principle for optimal singular control for mean-field SDEs has been investigated
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by Hafayed [15]. First-order necessary conditions for mean-field FBSDEs of mean-field type have been studied by
Hafayed et al. [16]. The McKean-Vlasov maximum principle for SDEs has been established in Buckdahn et al. [4].
Mean-field game has been studied by Lions [25]. The first-order maximum principle for mean-field delay SDE have
been investigated in Shen et al. [29]. The general first-order maximum principle for optimal stochastic control has
been established in Peng [21]. A Peng’s type maximum principle for SDEs of mean-field type was proved by Buckdahn
et al., [3] by using second-order derivatives with respect to measures. McKean-Vlasov forward-backward stochastic
differential equations have been investigated in Carmona and Delarue [7]. Linear quadratic optimal control problem
for conditional McKean-Vlasov equation with random coefficients has been investigated by Pham [22]. Infinite horizon
optimal control problems for McKean-Vlasov delay system with semi-Markov modulated jump-diffusion processes have
been investigated by Deepa and Muthukumar [8]. First-order necessary conditions for optimal singular control problem
for general McKean-Vlasov SDEs have been investigated by Hafayed et al. [17].

Singular stochastic control problems have received considerable attention in the literature. First-order maximum
principle for irregular stochastic control problem has been derived by Cadenillas and Haussmann [5]. First-order neces-
sary conditions for general optimal singular stochastic control problems have been derived by Dufour and Miller [10].
Under partial-information, first-order singular control problem for McKean-Vlasov stochastic differential equations
driven by Teugels martingales measures has been obtained by Hafayed et al. [I4]. First-order necessary and sufficient
conditions for near-optimal mean-field stochastic singular control have been established in Hafayed and Abbas [13].
The first-order convex maximum principle for singular optimal control for mean-field SDEs has been derived in Hafayed
[15]. Irregular stochastic control problem with linear diffusion and optimal stopping have been studied in Alvarez [1].

Second-order maximum principle for stochastic optimal controls was established by Zhang and Zhang [31] where
both drift and diffusion terms may contain the control variable u(-), and the control domain should be convex. The
method was further developed in Zhang and Zhang [32] to derive a general pointwise second-order maximum principle,
where the control domain is not assumed to be convex. First and second-order necessary conditions for stochastic
optimal controls have been studied by [II] and [2]. A second-order maximum principle for singular optimal control
for SDEs with uncontrolled diffusion coefficient has been obtained by Tang [30]. Second-order maximum principle for
optimal control with recursive utilities has been obtained by Dong and Meng [9]. A second-order necessary conditions
for singular optimal controls with recursive utilities of stochastic delay systems have been proved by Huo and Meng
[18]. Singular optimal control problems with recursive utilities of mean-field type have been studied in Hao and Meng
[19]. Pointwise second-order necessary conditions for stochastic optimal control with jump diffusions have been studied
by Ghoul et al. [12].

Motived by the recent works above, in this paper we establish a pointwise second-order necessary conditions of
optimal regular-singular control for McKean-Vlasov systems. The first and second order derivatives with respect
to measure (in the sense of P-L. Lions) on Wasserstein space and the associate It6 formula with some appropriate
estimates are applied to derive our result. The McKean-Vlasov dynamics occur naturally in the probabilistic
analysis of financial optimization problems. Our control model play an important role in different fields of finance
and economics, such as conditional mean variance portfolio selection problem with discrete movement in incomplete
market. Also, optimal consumption and portfolio problem under some proportional transaction costs. In this paper,
we have based ourselves on the notion of first and second-order derivative with respect to the probability measure
which was introduced by Lions [25], see also, [3, [6]. Our pointwise second-order optimal control problem is strongly
motivated by the recent study of the mean-field games and the related mean-field stochastic control problem, provides
also an interesting models in many applications such as mathematical finance. This result is a generalizes the results
of Zhang et al. [31] to McKean-Vlasov pontwise second-order maximum principle for optimal regular-singular control.
In our class of second-order stochastic control problem, there are two types of singularity:

1. Singularity in the control variable; where the control variable has two components (u(-),&(+)), the first u(-) being
regular (absolutely continuous) and the second () is singular. This singularity come since d¢(¢) may be irregular
with respect to Lebesgue measure d¢. More precisely £(-) an increasing process (componentwise), continuous on the
left with limits on the right with bounded variation (see Definition 3.1).

2. Following the ideas considered in [9] 18] 19, BI] B2], and in order to derive a second-order necessary conditions,
one needs to assume that the first order condition degenerates in some sense. So we define a new type of singularity;
in the classical sense for the regular control part and in maximum principle sense for the singular part of the control,
(see Definition 3.2).

The rest of the paper is organized as follows. The formulation of the first and second-order derivatives with respect
to probability measure, and basic notations are given in Section 2. The formulation of the irregular-singular optimal
control problem is given in Section 3. In Sections 4 and 5, we prove our McKean-Vlasov type pointwise second-order
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maximum principle. The final section concludes the paper and outlines some of the possible future developments.

2 L-derivative in the sense of P-L. Lions

We recall briefly an important notion in McKean-Vlasov control problems: the L-derivatives with respect to
probability law in Wasserstein space which was introduced by P.Lions [25]. The main idea is to identify a distribution
i € Q2 (R™) with a random variable z € L2(F,R") so that u = P,. We assume that probability space (Q,F, P) is
rich-enough in the sense that for evry u € Q2 (R™), there is a random variable x € L?(F,R") such that u = P,. We
suppose that there is a sub-oc—field Fy C F such that Fy is rich-enough i.e,

Q2 (R") :={P, : z € L*(Fo,R")}. (2.1)

By F = (‘Ft)tE[O,T] we denote the filtration generated by W (:), completed and augmented by Fy. Next, for any
function g : Q2 (R") — R we define a function g : L% (¥, R") — R such that

g(x)=g(P), v e L?(F,R"). (2.2)

Clearly, the function g, called the lift of g, depends only on the law of x € L?(F,R") and is independent of the
choice of the representative z, (see [3])

Definition 2.1. Let g : Q2 (R") — R. The function g is differentiable at a distribution pg € Q2 (R™) if there
exists zog € L2(F,R"), with o = Py, such that its lift § is Fréchet-differentiable at xo. More precisely, there exists a
continuous linear functional Dg(zo) : L?(F,R™) — R such that

g (zo +¢) = g (x0) = (Pg(xo) - €) + 0 (lI¢lly) = Deg(po) + o (I[Cll2) (2.3)

where (. -.) is the dual product on L?(F,R"). We called D¢g(uo) the Fréchet-derivative of g at pio in the direction &.
In this case we have

_ d ..
Deg(po) = (Dg(xo) - ¢) = 39 (xo +tC)| , with pg = Py,. (2.4)
t=0

By applying Riesz representation theorem, there is a unique random variable ©¢ € L%(F, R") such that (Dg(x) - ¢) =
(©0-¢)y = E[(B¢-(),] where ¢ € L*(F,R"). It was shown, (see [3]) that there exists a Boral function ® [uo] (-) :
R™ — R", depending only on the law pg = P,, but not on the particular choice of the representative xy such that

O = @ [p] (o) (2.5)

Thus we can write (2.3)) as

9(Po) = g(Puy) = (®[po] (z0) - @ = wo)2 + 0 (|2 = ol,) , Va € L? (F,R").

We denote
0ug (Ppy, ) = @ [po] (z), x € R™.

Moreover, we have the following identities
Dy(zo) = ©0 = @ [po] (z0) = g (Puy: wo) , (2.6)

and
Dﬁg(Pmo) = <8,ug (ngvl'o) ' C> ) (27)

where ¢ = x — x¢. For each probability law p € Q2 (R™), 0,9 (Pz,-) = ® [P,] (-) is only defined in a P,(dx) — a.e sense
where p = P;.

Among the different notions of differentiability of a function g defined over Q2 (R™), we apply for our control
problem that introduced by Lions [25]. We refer the reader to Buckdahn et al., [3].
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Definition 2.2. We say that the function g € Ci’l(QQ(R")) if for all x € L2(F,R") there exists a P,—modification
of 0,9 (Py,-) (denoted by 0,,g) such that J,9 : Q2 (R™) x R” — R™ is bounded and Lipchitz continuous. That is for
some C' > 0, it holds that

(1) |Oug(p, x)| < C, for all p € Q2(R™), Vo € R™.
(2) 109, ) = Opg(p,2")| < C[T (p, pt') + |z — 2'[], Y, 1’ € Q2(R™), Va, 2" € R™.

Noting that if g € (C;’l(Qg(R”)) the version of 9,9 (Py,), z € L*(F,R") indicate in Definition 2.2 is unique (see
[3L Remark 2.2], and [6]). We shall denote by 9,9 (¢, x, o) the derivative with respect to u computed at p1o whenever
all the other variables (¢, z) are held fixed.

We present a second order derivatives with respected to measure of probability.
Let g € C;’I(QQ(RTL)) and consider the mapping (9,9 (+,); 049 (s )g sy 0pug (-,),,)) T 1 Q2(R™) x R™ — R™.

Definition 2.3 (The space C;"'(Q2(R"))). We say that the function g € C;"'(Qa2(R™)) if g € C,' (Q2(R™)) such
that 9,9(-, ) : Q2(R") — R"

(1) 9,9(-,y) € CpH(Qa(R™)), Yy € R™ and i € {1,2,...,n}.

(2) 9,9(p,-) : R™ — R™ is differentiable, for evry p € Q2(R™).

(3) The mapps 9;0,9(-,-) : Q2(R™) x R” — R” ®]R” and 9%g(Pr,,y, Z) : Q2(R") x R® x R" — R™ @ R" are bounded
and Lipshitz continuous, where 82g(Py,,y, Z) = 0, [0u9(,y)] (P, Z) . Similar, we define 8,8,9(-,-) : Q2(R™) x R" —
R" O R™ by 0,0,9(Pry, 9. 2) = 0 [0,9(+9)] (Pros 2).

Now, we give a second-order Taylor expansion that plays an essential role to establish our maximum principle. Let
g € CIH(Qa(R™)), for i € {1,2,...,n}.
T
DGi(e0) ~ Do~ &) = | (DBl (o + 06, 2) ¢ ds
0 Z:mo

+(0x [0ng]; (Pag, 0) &) + 0 ([[€]]5) -(d1) (2.8)

—_~—

then, we obtain D[d,g]; (zo,y) = [0} ] ( xo,y7Z)‘Z .
Zo

Second-order derivatives of f at a measure pg. Let ( ,P) be a \ copy of the probability space (2, F, P). For
any pair of random variable (Z,¢) € LA(F,R?) x L2(F,R? )L e let (Z 5) be an independent copy of (Z,€) defined on
(Q, F,P). We consider the product probability space (€2 x €, F ® F,P® P) and setting (Z,&)(w, @) = (Z(®),£(D))
for any (w, @) € Q x Q.

Let (u*(t),z*(t)) is an independent copy of (u*(t),z*(t)), so that Py = ]35;@). We denote by E the expectation
under probability measure P, where E (X) = [5 X (w)dP(w).

Now, for any po € Q2(R™), in the direction &, we define the second-order derivatives of a function g at uo with
po = Py,

Dig(uo) = E|E |tr(029(Pry,0. 7)€ ©€) || + Eltr (9,0u9(Pry 20)§ 9 ). (2.9)
where
B [tr (3R0(Pry.ao. 700 €)] = [ 11 [0F0(Pry.o (). Fil@)E @ €0, )] dP(@), (2.10)

and

~

E[E {tr [8ﬁg(Pw0,x0,xo //tr 929(Pry, xo () , To(W ))f@f(w,@)} d(P ® P)(w,w). (2.11)
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For convenience, we will use the following notations throughout the paper, for v» = f, 0,0, h :

CW(t) = d)(t z* (t)a PI*(t)a u”* (t)) - ¢(t’ ze(t)7 ng(t)a us(t))a

velt) = 22000 (0), P ()

Gull) = U2 (0), Preg, ' (1)

Dut) = 0u(t,a* (1), Poery, w ()25 (1)), (2.12)
Fot) = Oub(t T (1), P oy, ¥ (0): 2" (1)),

and similarly, we denote the second derivative processes:

0%

Uert) = LU0, 0), Py 1),

V) = TE (00, Py 1),

Tt = G0 (0, P (0" (0,570, 213
Ganlt) = 0u0000.5° (1), oy (050”0

Folt) = 0.0,0(0F (1), P T (5T 1),

3 Formulation of the regular-singular control problem

Let us formulate the optimal mean-field type control problem. Let T be a fixed strictly positive real number and
(Q,F, {}—t}te[o 7] , P) be a fixed filtered probability space satisfying the usual conditions in which one—dimensional

Brownian motion W(t) = {W(¢) : 0 < ¢ < T} and W(0) = 0 is defined.

We study optimal solutions of general stochastic control problem driven by stochastic differential equation of
McKean-Vlasov type:

da8(t) = f (t, 2" (t), Ppue(t),u(t)) dt + o (t,25(t), Py (t), u(t)) dW (t)

G(t)d&(¢), t €[0,T) (3.1)
%¢(0) = 0.

The criteria to be minimized over the class of admissible controls has the form

T
I (u(-),€() = E | h(z“*(T)) +/O Ut (1), Pyue(t), u(t))dt +

[0,7]

M(t)df(t)] . (3.2)

Here the regular-singular control variable is a pair (u ), &(+)) of measurable A; x As-valued, F—adapted processes,
where A is a closed convex subset of R™ and Ay := [0, 00)™

Definition 3.1. An admissible regular-singular control is a pair (u(-), £(+)) of measurable A; x Ay —valued, F—adapted
processes, such that £(+) is of bounded variation, non-decreasing continuous on the left with right limits and £(0_) = 0.

Moreover, E [Supte[O’T} |u(t)|2} < o0 and E [¢(T))? < .

We should note that since d€(¢) may be singular with respect to Lebesgue measure dt, we call £(-) the irregular or
singular part of the control and the process u(+) its regular or absolutely continuous part. This construction allows us to
define integrals of the form f G(t)d&(t) and f[o 7) (t)d&(t). Denote by A x As the set of B ([0, T]) ® F-measurable

and F-adapted stochastic processes valued in Ay X Ag. Any (u(-),£()) € Ay x A is called an admissible control. The
stochastic optimal control problem considered in this paper is to find a pair of adapted processes (u*(+),£*(+)) € Ay x Ay
such that

J (W (), €°() = min J(u(-), () - (3-3)

(u(-),6()) €A1 x Az
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Any admissible control (u*(-),&*(+)) € A; x A satisfying (3.3) is called an optimal control. The corresponding state
2*(+) is called an optimal state, and (z*(-),u*(:),&*(+)) is called an optimal solution of the control problem (3.1)-(3.3).
The maps

f [0,T] x R" X Q2 (R") xA;— R"

o [0,T] x R™ x Qg (R") xA;—M"*4 (R)
£ [0,T]xR" x Q2 (R") x Aj— R

h @ R"xQy(R") - R

G ¢ [0,7T] x Q= Mpxm(R)

M : [0,T] x Q—[0,00)™

are given deterministic functions, where Q2 (R™) is Wasserstein space of probability measures on (R”, B(R™)) with finite
second-moment, i.e; fR" \:v|2 u(dz) < oo, endowed with the following 2— Wasserstein metric: for pq, ps € Q2 (R™),

To (g1, o) =  inf —Qd,di, 3.4
2 i, 1o) p(_’.)égw){[/n [ o=l p(anan)] } (3.4)

where p € Q2(R?*™), p(-,R™) = py, and p(R™,-) = po. This distance Ts (-, -) is just the Monge-Kankorovich distance
when p = 2.

In order not to over complicate the already notational heavy presentation of this paper, in what follows we shall
assume all processes are one-dimensional (i.e.,n =d =m = 1).

Assumptions. The following assumptions will be in force throughout this paper, where z denotes the state variable,
and u the control variable.

e Hypothesis (H1) For fixed u € Q2(R), for any (z,u) € R¥xA;, the coefficients f, o, ¢ are measurable in all
variables and continuously differentiable up to order-2 with respect to x,u; and al their partial derivatives are
uniformly bounded. The function A is continuously differentiable up to order-2 with respect to z and u.

Moreover the second-order derivatives ¥u., Yuu, Yuu, for ¥ = f,o0,¢ are bounded and Lipshitz in (z,u). The
derivative h,, is bounded and Lipshitz in z.

(e, pu)] < O+ 2 + |ul?)
h(zw)] < C+|zf)

[ (2, )| + [l (82, )| <0 C (1A 2] + [ul)
|hy (x,u)] < C(A+]z]).

where C' > 0 is a generic positive constant, which may vary from line to line.

e Hypothesis (H2) (1) For fixed z € R, for all u(t) € A; : f, 0, € Cp' (Q2(R%); R), and h € C,' (Qa(R); R).

(2) All the derivatives with respect to measure f,, o,, £,, h, are bounded and Lipschitz continuous, with
Lipschitz constants independent of w.

¢ Hypothesis (H3) (1) The coeflicients f, o, ¢, h satisfy assumption (H2).
(2) For all u(t) € Ay, f,0,0 € C;''(Q2(R);R), and h € Cp'(Q2(R); R).

(3) All the second-order derivatives of 1, ¥z, Yu, for ¥ = f,0,¢ are bounded and Lipschitz continuous in
(z, p, u) with Lipschitz constants independent of w.

4) The second-order derivative h,,,,, h,, is bounded and Lipschitz in = and pu.
i L H

e Hypothesis (H4) The maps: G (-) : [0,7] x Q = Myxm(R), and M (+) : [0,T] x Q — [0,00)™ are bounded
and continuous.

From assumption (H3), Item 3, since the second-order derivatives are Lipschitz continuous, we have

YV, 1 € Qa(R™),Va, o' € R™ Vu,u’ € Ay :

|(w#ua ww, q/)u#) (ta x, [, U) - (dﬁma "/)m,u, wuu) (t, wlv :u/a ul)‘ (3'5)
< O[T (s i) + |z — 2" + Ju—u'|].
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Similarly for Ttem 4, we deduce Yy, i’ € Q2(R™), and Vz,z’ € R™ :
|(hmu hwu) (z, 1) — (huu’ hwu) (x/’//” < O[Ty (Maﬂl) + |z — -T/” . (3.6)
Under the assumptions (H1)—(H4), for each u(-) € Ay, Eq-(3.1) has a unique strong solution z*¢ (-) such that
E [supse[O’T] }x“f(s)ﬂ < 400, and the functional J (-,-) is well defined. Let (u*(-),&*(-)) € A; x Ag is an optimal

regular-singular control for the problem (3.1)-(3.2)). The corresponding state process is z*(-) = % £ ().
We define for ¢ € [0, 7] :

1
Lozt p,2) = gamcp(t, z*(t), Px*(t)v u* (t))z2, (3.7)
~ ]- * * /;
ﬁyu(ta%z) = anau@(tax (t)apx*(t)vu (t),.’b )’22‘

The Hamiltonian. We define the Hamiltonian function associated to our control problem. For any (¢,z, i, u, p,q) €
0, T] xR x Q2(R) x RxR xR

H(twaMaU,ph(I) = f(t,x,u,u),pl + U(t,x7u,u)q1 - g(t7xaﬂ7u)' (3‘8)

where (p1 (+),q1 (+)) be a pair of adapted processes, solution of the first-order adjoint equation (3.13]). We denote

H(t):H(t>x*7pz*,U*7P1,Q1)- (39)
We define
GH(t) 0f()p1(t) + b0 (t)-qu(t) — 6L(1);
Hy(t) = [fa(t)p1(t) + ou(t)qr(t) — La(t); (3.10)
Hu@t) = fu@pi(t) + ou()q(t) — Lu(t);
Hy(t) = fu@®p1(t) + 0u(t)qu(t) — £.(1);
Hyy (t) = Jfiz (t)pl (t) + Opa (t) @ q1 (t) — Ly (t)
Hyw(t) = fuu®)p1(t) + ouwu(t) @ q1(t) — Luu(t).
H:r:;L (t) = f:z:;L (t)pl (t) + Oxp (t) ® q1 (t) - gmu (t)
H#ll (t) = fu,u(t)pl (t) + U;L,u(t) @ q1 (t) - euu(t)

To establish our integral-type second-order necessary condition for stochastic optimal control, we introduce the
following notion.

Definition 3.2 (Singularity in the classical sense). We call an admissible control (u(-),£(-)) € A; x Az a sin-
gular pair in the classical sense if (u(-),£(+)) satisfies

H,(t,Z(t),u(t),p:1(t),q,(t)) =0, a.s.aete]0,T7],

Huu(t7§(t)7ﬂ(t)7p1 (t)val (t)) + p2(t)au (t,f(t%ﬂ(t))ﬂ = 07 (3'11)
a.s. a.e. t € 0,77,

and

E (M(t) —p1 (H)G(1) dé(t) = E (M(t) — P, (H)G(B)) dE(1), (3.12)
[0,T] [0,7]

for any (u(-),£(+)) € A1 x As.

Other type of singularity have been studied by some authors. Singularity in classical sense has been considered
in [19, Definition 2.4] and [31, Definition 3.3], singularity in Pontryagin-type maximum principle sense has been
investigated in [32] Definition 3.2] and partially singular control in classical sense in [I1], Definition 4.1]. We introduce
the adjoint equations involved in the stochastic maximum principle for our control problem.
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First-order adjoint equation. We consider the first-order adjoint equation, which has the following McKean-Vlasov
linear BSDE:

~ ~

~dpi(t) = [ LOpi () + B [T (05 <>}+om<t>ql<t>+E[a;<t>qz<t>}
)(®)

0t Elﬁ*( ]dt-m W(t), (3.13)
p1(T) = —he(T) — E[h},(T)
Here, from (2.13)), t € [0,T7], for ¢ = f,0,¢
B[o.70)] = Elue(t,30), Py @052 | (3.14)
_ / Do (t, Bt D), P (1.0, @ (1, B); 2 (¢, w))dP(D),
and the same argument allows to show that
E [auﬁ*(T)} = B [0,h(E(T), Py (r; 2)] . (3.15)

[ B h(E(T, D), Py " (T, w))dP(@).
Q

Second-order adjoint equation. Consider the following linear BSDE:

dps(t) = — {2(fx (t) + E[fz(ODp2(t) + [04(t) + E(@.(1))2pa(t)
+ 2(0,.(t) + E[5,(1)]))qa(t) + (Hew () + E[ﬁuy(t)])} dt + g (£)dW (¢), (3.16)

~

p2(T) = ~(hoo(T) + by, (T))).
Similar to and -, we have

EH;,(t)]) = E[0.0,H(t3(t), Poery, 0" (t), 1(1), @ (1) y)]

y=z*(t)

Q

Since the derivatives fz, fu, 0z, 04, e, Ly, ha, by, are bounded, (from assumptions (H1) and (H2)), the BSDE ({3.13))
admits a unique Fi-adapted strong solution (p; (), g1 (+)) such that

E
s€[0,T]

T
sup |p1(s)\2+/0 |q1(s)|2ds] < 00. (3.17)

Also, from the boundness of the first and second-order derivatives of the coefficients f, o, ¥, and h with respect to
(z, 1), Eq-(3.16) has a unique F;—adapted strong solution (p2 (-), ¢z (-)) which satisfies the following estimate

E

T
sup |p2 (s)? +/O lg2 (s)|2ds] < 00. (3.18)

s€[0,T]

If the coefficients f,o,¢, and h do not explicitly depend on law of the solution, the McKean-Vlasov BSDE-(3.13))
and (3.16) reduce to a standard BSDE (see Zhang and Zhang [31]. Peng [2Il Equation 19, page 974]), or Buckdahn

et al., ([3]).

4 Second-order necessary conditions for McKean-Vlasov optimal regular-singular con-
trol

The aim of the stochastic maximum principle is to establish a set of necessary conditions for optimality satisfied
by an optimal mixed control. In our paper, the goal is to derive a set of second-order necessary conditions for the
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optimal control, where the system evolves according to controlled McKean-Vlasov SDEs. To derive our main result, the
approach that we use is based on the convex perturbation of the optimal regular-singular control. This perturbation
is described by the following method:

Let (z*(-),u*(:),£*(-)) be an optimal solution and (u(-),£(-)) € A; x A be any given admissible control. Let
e € (0,1), and write
us(-) =u*(:) +ev(-) where v(-) = u(-) —u*(-), (4.1)

and
€°(t) = €7(t) + e¢(t) where ((t) = £(t) — &7 (). (4.2)
where ¢ a sufficiently small € > 0. Denote by 2 = 2% ¢ the state of (3.1)) with respect to (u®(-),£5(-)).
We introduce the following new variational equations for our control problem.

First-order variational equation: let t € [0,T]

dy(6) = [ £ @) + BT 0] + fut)o(t)] ar

+ [ w1 (1) + G (07 (0] + ou(e(t)| dw (1) (43)
+ G(t)d({(t), t €[0,T]
Y1 (0) =0.

Here the process y; (+) is called the first-order variational process which is depend explicitly on irregular control.
Since the coefficients fs, f., fu, 0z, 0y, 0y in (4.3)) are bounded, it follows that there exists a unique solution y; () such
that kK > 2

E| sup |y (0)*] < Cr. (4.4)

t€[0,T]

We note that unless specified, for each k € R, we denote by Cy > 0 a generic positive constant depending only
on k, which may vary from line to line.

Second-order variational equation:

dya (1) = [£a(Oy2(t) + BR8] + Lra(O03(0) + ELeu®F ()] (1)
+ 2fou Oy (0(8) + 2B [Fun (T OI() + Fun(t0?(1)| at
+ [ (Opa(t) + BGuOF(0)] + 00 (53(1) + EFu®F: ()] (1 (45)
+ 20Oy ()0(t) + 2EG0, (DT (O10(E) + o (02 (D)] AW (2),

y2(0) = 0.

Here the stochastic process ys (+) is called the second-order variational process. Moreover, under assumptions (H1)
and (H2), equation (4.5) admits a unique F-adapted strong solution such that: for any k > 1 we have

E( sup |y2(t)[") < Cy. (4.6)
t€[0,T]

We derive some fundamental estimates that will play the crucial roles to establish our result.

Proposition 4.1. Let z¢ () and z* () be the states of (4.7)) associated to u®(-) and u*(-) respectively. Let y;(-) be
the solutions of (4.3]). Then the following estimates hold:

sup |z°(t) — ()" | < Cpe?*, (4.7)

t€[0,T]

E

2] = 0. (4.8)
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Proof . The proof of estimate (4.7) follows immediately from [3, Proposition 4.2, estimate (4.8)]. Let us turn to

estimate (4.8). We put
xf(t) —x*(t
~vE(t) = % —y1(t), t€10,7T]. (4.9)

Since D¢ f(Pz,) = <Df(Zo) . §> = %f(Z@ + t{)’ , we have the following simple form of the Taylor expansion
t=0

f(PZ()-‘rn) - f(PZO) = fo(PZo) + R(n)v
where R(n) is of order o (||£]|,) with o (||n]l,) — 0 for n € L2 (F,R9) .

V() = 1/0 [f (s,2°(8), Pue(s),u(5)) — f (5,2%(5), Por(s), u*(s))] ds

€

+1/ [0 (8, x5 (s), Pws(s),us(s)) —0c (s,av*(s)7 Pw*(s),u*(s))} dW (s)
0

S
_A {f:c (S,.’E*(S), Pac*(s)7U*(8)) yl(s) + E\ [f#(s,m*(s), Px*(@)vu>k(s)7{f*(s))y/\1(s)]
+ ful(s, 27 (), Pye(s), u”(s))v(s) } ds
*/0 {Ur (Sa :L'*(S), Pa:*(s)a U*(S)> y1(5) + E [0'#(571‘*(5)7P$*(S)7u*(5); /l‘\*(S)):I:/\l(S)]

(5,27 (8), Pae oy (8)0(s) AW (), 42 [ Gs)d (€ — €7 (s) — [ Gls)dc(s).
[0,4]

[0,¢]

Since ((t) = £(t) — £*(t), then by simple calculation, we shows that

L Gade —e) ) - G(s)dqs)—l[mﬂc:(s)d(fﬁs*><s>e

€ Jo,¢) [0,] €

G(s)d{(s)] =0

(0,¢]
We decompose the integral %fot [f(5,2°(5), Ppe sy, us(8)) — f(8,27(5), Pp=(s), *(5))]ds into the following parts:

! / (F(5,2°(8), Pae (1, t7(8)) — (5,2 (5), Pae sy, 2 (5)))ds
0

3

= 2/0 (f(s,acg(s),sz(s), UE(S)) - f(S, CU*(S), sz(s),ue(s)))ds
+§/0 (f(s,27(8), Pye(s),u(5)) — f(5,27(8), Ppe(s),u(5)))ds

i1 / (F(5,27(5), Poe (o, t%()) — £(5,2" (), Py, u"(5)))ds.

3

We notice that by simple computation, we have
560760 Prr 00D = 5,55, Prcga ()
- / / [F2 (5,2 (5) + A (5) + Y (5)), Pre o), u°(5)) (°(5) + 9 (s))] dAdls
- / / E [0, (5,0%(5), Pac (514 2e( (514 v 1) 8°(5)5 8 (5)) (3(5) + . (5))] dAds,

and

! / (F (5,27 (5), Py u"()) — £(5,27 (), Py oy, u”(5)))ds
/ / [fu (8,2%(8), Pye(s), u*(s) + Ae(v(s) — u*(s)) v(s)] dAds.
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Similarly, for the coefficient o. We have

t 1
E | sup 75(8)21 < C(t) [E/ / |fQE (s,x*(s)—1—)\5(7(5)+Y(s)),Px*(s),u€(s)) 'ya(s)‘zd/\ds
s€0,t]

2

+E / / 15259, Py e300 (9)7°(s)| - dnds

+E// |02 (s,x*(s)+)\8(7(s)—I—Y(s)),Pﬁ(s),uE(s))75(5)|2d)\ds
2

w5 / / Bo(5,2%(5), Pr () s rcga oy 7oy )57 ()77 (5)| dAds

+E | sup |ﬁ€(5)|2H,

s€[0,1]
where

“(t) :/ / [fz (s,x*(s) + Ae(v°(s) + yl(s)),Pz*(s)7u5(s)) — fa (s,x*(s),PI*(S),u*(s))]yl(s)d)\ds
/ / (5,25 (), P (o) 12003 (0 73 610> 8 (8 B (5)) — fu(5, 27 (5), Py, 0* (58" ()] (5)dAd
/ / [fu (5,27(8), Pyr(s), u™(5) + Aev(t) — fu(s, x*(s), P (s), u*(s)]v(t)dAds
" / / (0 (5,27(5) + A(1(5) + 91(5)), P, 45(5)) — 7z (5,27 (5), Po sy, () ]y (5) ANV ()
0 0
+/0 /0 E[0,(5,2%(5), Poe (s) 4 2e e ()47 () 07 (8): 27 (5))

— 0 (8,27 (5), P (), u (5); 7 (5))] 1 (s)dAdW (s / / ou (5,2%(8), Pye(s), u* (s) + Aev(t))
- CTu(S, x*(s)a Px*(s)a u* (5))]1)(t)d/\dW( )

Now, since the derivatives of f and o with respect to x, u, u are Lipschitz continuous in (x, u,u) , we get

lim F
e—0

sup |B5(s)|2] =0.
s€[0,T)

Since the derivatives of f and o with respect to variables z, i, and u are bounded, we have:

sup |ﬂs>|2] ( /w J2ds+ E | sup |5(s >|D,
s€[0,¢] s€[0,¢]

Now, by applying Gronwall’s Lemma, we have: for any t € [0, T

6 C
s 0 o { [ e}

Finally, by putting ¢t = T and letting € go to zero, the proof of is complete. [

E

E | sup |y*(s)]’| <CHE

s€[0,¢]

Proposition 4.2. Let y;(-) and y2(-) be the solutions of (4.3)), (4.5)), respectively. Let assumptions (H1)-(H4) hold.
Then, for any k > 1, and ¢ > 0, the we have

9 2k

E| sup [2°(t) =" (t) = ey (t) = Sa(t)

t€[0,T)

< Cpe®*. (4.10)
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Proof . From (3.1)), (4.3) and (4.5)), then by simple calculation, we obtain

= | [ 56 P t(6) = 1 5287 (61, Proy°(9)
2 [£(&)1 () + B (005 (1)) + fuls)o(s)|

— [Fls)ls) + U5 + Frel5)92(5) + 2o ()05

+ Blfeu®F (01 (1) + 2B (fun ()71 (9)]0(s) + Fuuls)v*(5)| } s
/{a 5,25(5), Py, 0°(8)) — 0 (5,2 (), P (), 0" (5) (4.11)
—< |02 (9)91(5) + EGu(M7 (1) + 0u()0(5)]

2

) [01(5)3&(5) + E[au(s)@(s)] + Jm(s)yf(s) + ZUmu(S)yl(S)v(S)

+ BB O (1) + 2EGun ()5 (5)0(5) + 0un()0%()| } W (5)

2t (t) —a™(t) — ey (t) — fyz

‘Qk

A straightforward calculation, we get

(0570~ e )~ ()] < A5(0)+ 450, (1.2
where
/ [ (5,2°(8), P (o), u°(5)) = £ (5,2 (5), Paros () — & [fuls)a(5) + fuls)o(s)]
() + a9 (5) + LW (5) + (oM ()o(s) + Funl)e2()] s (413)
/ {0/(5:27(5), Pae (0, 05()) = 0 (5,2 (5), Pae oy, 0”(5)) = € [0 (5) + 0u()0(5)]
— o(s)s) + [ (0 (5) + () (5) + (@ ($))05) + ()0 (5)y AW (5)
and
A5(1) = / B 05 0] — 5 [BUR6)R()] + BlFs)0)] + BlFun (o)1 (9]0()] }ds

~ ~

«f BB 07 (0] — 5 [BBu(97a(6)] + BB (97a(6)] + Blo(s)is ()])o()] } aws)|”

. (4.14)

Using similar arguments developed in Proposition 3.1 by Zhang and Zhang [31], we obtain

sup |AS ()% | < Cre®. (4.15)

te[0,T)

E

Now, by applying similar arguments proved in Proposition 4.3 in Buckdahn et al. [3], we get

E | sup |A;(t)|2’“] < CpefF, (4.16)

t€[0,T]

Finally, by combining (4.12)), (4.13), (4.14]), (4.15) and (4.16]), then the desired result (4.10) is fulfilled, which
completes the proof. [
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Lemma 4.3. Let (p1 (-),q1 (-)) and (p2 (+), g2 (-)) be the solution to the adjoint equation (3.13)) and (3.16)) respectively.
3 (4.5

Let y1 (+) and ys (+) be the solutions to the first and second order variational equations (4.3) and (4.5)), respectively
associated to u*(-). Then the following duality relations hold

E [ho(a* (T) g1 (T) + (T (T))] = - E / PL ) fu ()0 (0) + @1 (Dou ()0 (1) + 1 (1) (Ea(t) + BEL,0)])] at
B m®6c0), (417)
[OT]
E [ha(T)ys (T) + Bl (T)]y2 (T)] =~ E / PL(O) (a9 (0) + Bl (01 (0] + 2 L0011 (1
B[ fun (071 (D)0 <>+fuu<t>v2< )| + 018) |owe(OO) + ElGa ()51 ()31 (1)

+ 12 (1) [200 (1) B, (07 (0] + 02 (8) 0(8)] | 0(8) (4.19)

YR () (Haw (8) + Bl () f dt — E 'y 2 OPOCOIO).

Proof . The proof of this lemma follows from It&’s formula to p1 (T) y1 (T), p1 (T) y2 (T) and ps (t) y? (t).0

Proposition 4.4. Let assumption (H1)-(H4) hold. Then the following variational equality holds: V(u(-),£()) €
.A1 X AQ,

T 2
TEOLEO) =T OO =B [ 000 + 5 () + m(002(0) (0 + 250m (1) 0(0)] a

+eE [ (M) - p0)G) (1) — B | yi(Opa()GOAC) + 0 (7).

[0,T] [0,T]
(4.20)
where e — 07, v(t) = u(t) — u*(t), ¢(-) = £(-) — £*(+), and S(¢) has a McKean-Vlasov type
'S(t) = S(tax7uvﬂaplaqlap27QQ)

+pa(t)ou(t, @, u) (0 (t 2,y u) + E[G,(t 2, 1, u)).

Proof . From (3.2, we have

T
J (W (), 6°() = J (w (),€()) =E/O 6 (t) dt + E[h(z*(T), Poe (1)) — h(z™(T), Po(1))] + E M(t)d(&" —&)(0).

[0,T]

Applying Taylor-Young’s formula for the function ¢ and since £°(t) — £*(¢) = € (&(t) — £*(t)) = €((t), by applying
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Proposition [£.1} we can easily find
J(w (1), &) = J (u" (-),€°())

T N o~ o~
_ B /0 {sﬂm (t)y1 (t) + B [&L (t) ﬂl(t)} + %2&6 (t) y2 (1) + i;E [zm (1) (t)} bely ()0 (#)

g2 -

+ 5 (far O 07 + B (G (05 (7] + b (00 (1)

+ 2 (g1 (1) v(1) + 2B (L (OF1 ()0 (8) + 2B (Lo (0T (1))y1 (1)

—

—
o
~

+E [s[hz (@* (T)y1 (T) + Bl (D)7 (T)]] + S [he (27 (T)) y2 (T) + Elh, (2" (T)) G2 (T)]] (4.22)

A~ o~

s (2 (T)) 43 (T) + Bl () 57 <T>]} HE [ MO +o (). (£ 0%).

Further, from Lemma (4.21])), (3.8) and (3.10), we get
J (W (), €)= J (W (-),£())
2

== [ [0 + S (0 + 2S00 ()00 + S0 0] ae+2E [ 110 - pi60) acto)

e’ / (P2 (DG + 0 () (e —s 0F). (4.23)
[0,7]

This completes the proof. [

From Proposition[4.4] we can derive the following second-order necessary condition in integral form for our stochas-

tic optimal control (3.1))-(3.2)).

Theorem 4.5 (McKean-Vlasov maximum principle for regular-singular control in integral form). Let as-
sumption (H1)-(H4) hold. If the regular control w* () is a singular in the classical sense for the control problem

(3-1)-(3.2). Then we obtain

T
E/ SOyi(t)(u(t) —u” (t)dt + E y1(Op2(H)G()d(§ —£7) (t) <0, (4.24)
0 (0,7

E o (M(t) — p1(t)G(t)) X{(w.t)eQx[0,T):(M(t)—pr ()G (1)) >0y dE™ () = 0, (4.25)
0,7

for any (u(-),£(:)) € Ay x Ag, where S (t) is defined by the formula (4.21) and y; (-) solution of first-order adjoint
equation (4.3)).
Proof . By applying Proposition for v(t) = w(t) — u* (t) and ((t) = £(t) — £*(t) we have

0 < S O.E0) T 0.0

T 1 9 1 24,2
= L_Hu(t)v(t)+ S Hua0007(1) + (1) (1) (1) + o102 (00%(1) |

+2E OO0 AW B [ @mOCOAcE +o () (¢ 0%).

From Definition 3.1, we deduce 1 H,(t)v(t) = 0, and
1 1
S Hua ) (1) + 5pa()02(0%(6) = 5 [Huat) + pa0)(0)] 0?(5) =0,
the desired result (4.24) follows immediately. Now let us turn to prove (4.25). From the singularity in (3.11)) holds for
any & () € As.

1

E / (M(t) — pr ()G () d(€ — €°)(t) = 0.
[0,T7]
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Let £ (+) € A be defined by

0if (M(t) —p1(t)G(t)) >0,
d€<t):{ M0 - n0G(0) > )
dgr(t) if (M(t) — pr(1)G(t)) <0,
Let AV a set be defined by N' = {(t,w) € [0,T] x Q: (M(t) — p1(£)G(t)) > 0} . Then we have
dé(t) = xwd€(t) + xnedé(t) (4.27)
= X{(tw)e[0,T]x (M (1) —pr ()G (1)) <0} (E)dE (2).
By a simple computations, it is easy to see that £(+) is in Ay. Moreover, we have
0 = E o (M(t) = pr()G(2)) d(§ — €7)(2)
= E/[U . (M(t) = p1(D)G)) X{(t.w)€0,7]x (M (t)—p (1)C(1)) <0y A(E" — §7)(F),
+E o (M(t) = p1(D)G () X{(t.w)€[0.T)xQ: (M (£)—p1 ()G () >0y A(—E7) (),
then we conclude that
E (M(t) = pr(t)G (1) xar(t)dE™ (¢) = 0. (4.28)

[0,77]

This completes the proof. [
From Theorem we have the following corollary

Corollary 4.6. For any (u (), (-)) € A1 x Ag, we have

E / Sm@u )+ E [ pp)GEaer (1)

(0,77

(u(-),6(-)) €A1 x Az

T
_ max [E /O Sy ut)dt + E /[O!T] y1 ()p2()G(H)de ()] -

5 Pointwise McKean-Vlasov second-order necessary conditions for optimal regular-
singular control

In this section, by using the property of Itd’s integrals and the martingale representation theorem, we aim to
establish the second-order necessary condition for optimal controls, which is pointwise McKean-Vlasov maximum
principle in terms of the martingale with respect to the time variable ¢. The following lemma play an important role
to prove our main result.

Lemma 5.1. The first-order variational equation (4.3) admits a unique strong solution y; (-), which is given by the
following equation:

i (t) =@ (1) t‘l’(S) Fu(s) = (02(5) + EBu(s))ouls) ) v(s)ds + t‘I’(S)Uu(S)v(S)dW(S)Jr U(s)G(s)dC(s) | ,
0 0 [0,¢]

(5.1)
where the stochastic process @ (-) is a defined by the following linear stochastic differential equation:
{ 40 (1) = |£2(0) + E(Fu(t)| @(t)dt + [0 (1) + Bl (1)) @()aW (), 652
®0) =1,

and P(t) its inverse.
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Proof . Equation (5.2)) is linear with bounded coefficients, then it admits a unique strong solution. Moreover, this
solution is inversible and its inverse ¥(t) = ®~! (¢) given by the following McKean-Vlasov equation:

dw(t) = {(ax(t) + E[&M(t)])z W(t) — fo(6)W(t) — E(ﬁ(t))xp(t)] dt = (04(t) + E3,(0]) W(OAW (), W (0) = 1. (5.3)

By It6’s formula to U(t)y; (t), we have
AP ()yr (£)] = y1 (t) AV(t) + ¥ (t)dys (t) — |(ox(t) + E‘[Eu(t)])\ll(t)} {crx(t)y1 (t) + E[ﬁﬂ(t)ﬂl(t)] + oy (t)u(t)| dt
=L +L@)+11), (5.4)
where

I (t) = y1 (t) d¥(2) (5.5)

= [m(t) (02(0) + BIou(]) W(0) a0 £ 0(0) - m(t)E(ﬁ(t))w)] dt = y1 (1) (0u(t) + Bl5,.(1))) w()dW (¢).

By simple computations, we can get
I (8) = ¥ (t)dy: (¥)
= 2O Ly (1) + COEL 05 O] + U(0) fu()o(t)| dt (5.6)
+ [P ()ou(u () + WO EGLOF: ()] + o (t)o(t)] aW (@) + B(OG@BA(D),

and

~

Iy () = = (02 () + EGL(0ODE(®)] |00 (031 (1) + B5, (05 ()] + 0 (o(0)| at (5.7)
By substituting , , and into , we obtain
Ut (1) — T(O)y1 (0) = [ 96 [£u65) = (o(5) + BlButo)]) )] wteas
+ /O B (s)ou(s)0(s)AW (s) + /M U (s)G(s)dC(s). (5.8)

Finally, since y;(0) = 0 and ¥~1(¢) = ®(¢), from (5.8)) the desired result (5.2) is fulfilled. This completes the
proof. O

To prove the main theorem we need the following technical Lemma.
Lemma 5.2. Let assumptions (H1)-(H4) hold. Then we have
(1) 8() € Lz ([0, T;R).

2
(2) For any v € Ay, there exists a unique process Q, (+,t) € L2 ([0,T];R), with E <[f0T |Qy (s,t)|2d5} > < oo such
that

S(t)(v —u(t)) = E[S(t)(v —u(?))] + /0 Qv (s,t) dW(s) (5.9)
a.e. t€1[0,T], P—a.s.

Proof . Since the derivatives, fru, fuus Ozus Tpus Lows Lyus fu, Ou, 0z, and o, are bounded (see assumptions (H2) and
2

(H4)), we obtain E {( fOT S (1) dt) < 00, the desired result in (1) follows immediately. By applying Martingale

Representation Theorem, the second item follows. [

The following theorem constitutes the main contribution of this paper.
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Theorem 5.3. Let assumptions (H1)-(H4) hold. If @(:) is a singular optimal control in the classical sense for the
stochastic control (3.1)-(3.2), then for any (v,{) € A; x As, it holds that

E[S(7) fu(r)(v = u(7))?] + 0 (S(T)ou(r) (v = u(7))?) + [(S (1) + P(7) fu(7)) G(7) (v — u* (7))¢(7)]
+ [p2()G*(1) (1)]] €0, ae. T€E[0,T], (5.10)

where S(7) has a McKean-Vlasov form, given by (4.21) at 7

S(r) = Hou(r) + ElHu(0)] + p2(7) [£ulr) + 0ulr) (00(7) + B5u(0)]) | + 0u(m)as(7):
and
F (S(r)ou(r)(v —u(7))?) _2515(% sup — E/ / [Qu(s,t)® ou(s)(v —u(s))] dsdt, (5.11)

Here Q,(+,t) is given by (5.9), and ¥ (-) is determined by (5.3).

Proof . Now, in order to derive a pointwise second order necessary condition from the integral form in (4.24)), we
need to choose the following spike variation for the optimal control (u* (-),£*()) by the form:

(v,&*(t) + (1)), t € E;

(u*(t), €5 (t) + eC(t)), t € [0,T] | Ee (5.12)

(u(t), (1) = {

For any (v,{) € Ay X Ay, 7€ [0,T), and € € (0,7 —7), let E. = [1,7 + €), and define u(-) as that in (5.12)). Then
v(-) =u(-)—u*() = (v —u*(")) xg.(-). From (5.12)), we have v(-) = u(-)—u(-) = (v—7u(-))xg. (-) and the corresponding
solution y1(-) to (5.1)) is given by the following McKean-Vlasov equation:

yi(t) = (1) / U (s) (fuls) = (0a(5) + EGu())ouls) ) (v = (s))xe, (s)ds (5.13)
£ () / ¥ (5)0u(s)(0 T, (AW () + 0 1) [ W(6)G()AC(S),

Substituting v(-) = (v — u(+)) ) and ( into ( , we have
0> 4 F / (v — a(t))] dt
1 ~ _ _
5[ [ / (5) (Fu(s) ~ (02(5) + Bl5u(s)])ouls)) x (v —(s))ds (0 — (1)) di
1 _ _
ta / [ / (5 (6)(0 = )W () 0~ 1)
+SE )i — € (1
[T T+e]
= 3 (7) + B5 (1) + 35 (7). (5.14)
where

T+€ t R
i) - 5E [ [s 000 [ 06) (£u(6) - (@209 + EGuo)on(s)) x (0= (s)ds 0~ a(@)]dt, (.19

T+e t
J5 () = Ele / [5 ) (1) / U () o () (v — T(s)) AW (s) (v —u(t))} dt. (5.16)

and J§ (7) is given by ,
I5(r) = = /[ OGO —€) (). (5.17)

€
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Applying similar arguments developed in [31], we get

lim 35 (7) = 2B [8 (1) (fulr) ~ (02(7) + Bu(r))ou(n)) (v~ ()] (5.18)

n—-+oo
Let us turn to estimate the second term J§ (7). From (5.2)), we can obtain

I5(r) = %E / o {5 () ® (7) /T "y (5) ou(s) (v — T(s))dW (s) (v — u(t))} dt

€

+iE /+{ / L (5) + B(FL()8(s)ds x /th)Uu(s)(v_u<s>>dw<s><v_u<t))}dt

T

o ‘B / { / o(5) + E[5,4()]))D(s)dW (s) x / W (5) 0u(s) (0 — T(s)) AW (s) (v—u(t))}dt
= J21( + 50 (1) +J55(7). (5.19)

Now, we proceed to derive estimates for J5 ; (7), J5 5 (7), and J5 3 (7). Arguing as in [31, Eq-(4.8)], with the helps
of Lemma we get

1 T+e t
lim sup J5, (1) = lim sup - F {S (t)® (T)/ U (s)oyu(s)(v—u(s))dW(s) x (v —T1u(t))]dt

e—0t e—0t €
- %aj (8(7) (v —a())?u(r)) , V7 € [0,T]. (5.20)

Let us turn to second term J5, (7) in the right-hand side of (5.19). Since f,, f, are bounded, then by applying
similar arguments developed in [31, Eg-(4.9)], we have

T+e€ t P
lim sup J5, (7) lim sup 1E/ {S(t)/ (fo(s) + E(fu(s)))®(s)ds

e—0t e—0t

X / U (s) ou(s)(v—u(s))dW(s) (v — u(t))} d¢ (5.21)
= 0, ae 7T€[0,T].

Let us turn to third term J5 3 (7) in the right-hand side of (5.19)). Since

/ a0 (o ds| / t

are bounded, then by applying similar arguments developed in [31, Eg-(4.10)], we have

E and  E|[ |EG.(5)® (s)rds

lim sup S5y (7) = lim sup S / s / (02(5) + E[6,(s)))(s)IV (5)

e—0t e—0t

y / U (5) 0 (5) (0 — (s))dW (5) (v — u(t))} at (5.22)

~

= %E [8 (1) (02(7) + E[0,(7)])ou(T) (v — E(T))Q} .a.e.TE[0,T].

Substituting (5.20), (5.21), (5.22)) in (5.19)), we have

Jim Ty (1) = 3B [S(7) (0(r) + B3, (r)ou()w — A)?] + 307 (S () (0~ a()Pou(r)), (5:23)
ae. T € [0,7].

Estimate of (5.17). Now, let us turn to estimate J§ (7). From (5.14)), we have

IS(r) = %E y1(t)p2(1)G(E)d(§ — &7) (£)

€ [7,7+¢€]
= J5H(7) + IS (1) + IS (7). (5.24)



Second-order optimal singular control problem 19

where
JSH(r) = ;E/[T’T%](I)(t) /t\I/ (v—u* ))dW(s)}pg(t)G(t)dC(t) (5.25)
520 = [ o[ 90 [1e) - 00lo) + B o] 0o 0)s] o)) 1) 520
1
I LR IR ] LG (1. (5.27)

Estimate of (5.25)). From [31, Eq-(3.21)], we have

B(t) = B(r) + / B(s) fa(s)ds + / B(s5) fa (5)AW (). (5.28)
Substituting into 7 we obtain
5 = ~5 [ aw [ / w<s>au<s><v—u*<s>>dw<s>] Pa()G(E)AC (1) (5.29)
€ [T,7+¢€] T
= JMH )+ I () + 05 ()
where
e = e [ e [[ -] moseac

JM(r) = 6—2E . [ / t(I)(s)fx(s)ds] pa(H)G(H)AC (1) x [ /T t\If(s)ou(s)(v—u*(s))dW(S)]

B = B ][/:@(s)aw(s)dvv(s)]p2<t>G<t>d<<t>x [ #eee - enaws) .

€ [r,7+e€

From [31, Eq-(3.23)], we have

lim sup J5"' (1) = lim sup —E [/ D(1)U(s)oyu(s)(v— u*(s))dW(s)] x pa(t)G(¥)dC (t)

e—0t e—0t €2 [7,7+€]

= 0. (5.30)

Similar as in [3I, p 2288], with the helps of Cauchy-Schwartz inequality, we can prove that

lim sup J5P2(r) = lim sup B /[W] [ / té(S)fx(S)dS] x [ / W()ou(s) 0 u*(s))dwcs)} PaHGHAC (1)

e—0t e—0+ €

= 0. (5.31)

By [31, Lemma 4.1 and Eq-(4.10)], with the help of Dominate convergence theorem, we have

i ) = g e [ |/ t@(s)aw<s>dw<s>} <|f tws)au(s)(v—u*(s))dW(sﬂ PGS (1)

e—0Tt =0+ €2

— i L /[W] all o ()ouls) (v~ w(9)ds] p0G0C 1)

e—01 €

= 3Bl () G(oa(rou(r)(v — w (r))(r)]. (5.32)

Substituting (5.30)), (5.31), (5.32)) into (5.29)), we obtain

lim J§' (1) = *E [p2 (1) G(T)ou(7)0w(T) (v — u* (7))C(T)] .- (5.33)
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Estimate of (5.26). We proceed to estimate the second term J5? (7). By Lemma 4.1 in [31], we have

. €2 _ : 1 ! *
LR Gy B OO [ [ V) 106) = o291 (s)) (0= w (1) € 1)
= %E[pz(T)G(T) [fu(T) = 02(T)au(7)] (v = u(7))C(7)] - (5.34)

Estimate of (5.27). Applying [31, Lemma 4.1, Eq (3.21)], we obtain

N | :
dm i) = dm 2 [ awn0)60 | [ 6 4 (539
= JEp@GEE @),
substituting (5.33)), (5.34), (5.35) into (5.24)), we have
m 55(r) = LEpa(nGE) flr)o -t ()] + 2B (G E ()], (5.36)

by substituting (5.23)), (5.18]) in (5.14]), we can easily find

[S(7) (02() + EGu(r))ou(r)(v —u*(r))?]

(NG (7] + 307 (S (1) oulr)(w = w (7))

This completes the proof. O

6 Concluding remarks and future developments

In this paper, second-order necessary conditions for optimal singular stochastic control for systems governed by
general McKean-Vlasov stochastic differential equation have been established. If the coefficients f, o, ¥, h depend only
on the state variable and the control variable with G = M = 0, our results coincides with pointwise second-order
maximum principle developed by Zhang and Zhang [31, Theorem 3.5]. Apparently, there are many problems left
unsolved such as: the case when the control domain is not assumed to be convex (general action space). One possible
problem is to consider the second-order maximum principle for optimal singular control for fully coupled forward
backward stochastic differential equation (FBSDE) We plane to study these interesting problems in forthcoming
papers.
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