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Abstract

In this paper, we study the idea of fuzzy sequential Henstock integrals for interval-valued functions and also prove
some convergence theorems like the fuzzy sequential uniform convergence theorem, convergence theorem for fuzzy
sequential uniform Henstock integrable functions and fuzzy sequential monotone convergence theorem for the fuzzy
sequential Henstock integrals.
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1 Introduction

The concept of generalized Riemann integral is known to be Henstock integral, and is more powerful and simpler
than the Lebesgue integral. This integral was introduced independently by R. Henstock and J. Kursweil in 1955 and
1957 respectively. It is also known that Henstock integral is equivalent to the Denjoy and Perron integrals and is easier
and more reliable than the Wiener, Feynmann and Lebesgue integrals (see [1]-[19]). Wu and Gong [18] established the
concept of the Henstock (H) integrals of interval valued functions and fuzzy number-valued functions and obtained
some basic properties of the integral. Other recent works on fuzzy Henstock integrals are found in Bongiorno, Piazza
and Musial [2], Wu and Gong [16], Musial [12] and Uzzal [18].

Paxton [13] developed an alternative sequential definition of the Henstock integral which he denotes as the Se-
quential Henstock (SH) integral, and then discussed its properties. The authors in [9] studied the dominated and
bounded convergence results for Sequential Henstock integral. Convergence theory is one of the fundamental concepts
in measure theory which has various applications in integration theory. In this paper, we establish the convergence
results for the fuzzy-Sequential Henstock integral.

2 Preliminaries

Let R,R+ and N denote the real line (with usual topology), the set of all positive real numbers and the set of
all positive integers respectively. {δn(x)}∞n=1, as sequence of gauge functions. For any two given sets A and B, BA

denotes the set of all mappings with domain A and codomain B. The following definitions will be used in the sequel.
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Definition 2.1. [13] A gauge on [a, b] is a positive real-valued function δ : [a, b] → R+. This gauge is δ-fine if
[ui−1, ui] ⊂ [ti − δ(ti), ti + δ(ti)].

Definition 2.2. [13] A sequence of tagged partition Pn of [a, b] is a finite collection of ordered pairs

Pn = {(u(i−1)n uin), tin}
mn
i=1,

where [ui−1, ui] ∈ [a, b], u(i−1)n ≤ tin ≤ uin and a = u0 < ui1 < ... < umn
= b.

Now we recall the following definitions.

Definition 2.3. [13] (Henstock integral). A function f : [a, b] → R is Henstock integrable if there exists a number
α ∈ R such that for any ε > 0 there exists a positive gauge function δ(x) > 0 such that

|
mn∈N∑
i=1

f(ti)(ui − ui−1)− α| < ε,

whenever Pn = {(u(i−1)n , uin), tin}
mn
i=1 is a δn(x)− fine tagged partition on [a, b]. We say that α is Henstock integral

of f on [a, b] i.e α = (H)
∫ b

a
f . We use SH[a, b] to denote the set of all Sequential Henstock integrable functions on

[a, b]. Any function f : [a, b] → E1 is called a fuzzy function defined on [a, b].

Wu and Gong [16] introduced the concept of fuzzy Henstock integral of fuzzy function defined on closed interval
[a, b]. by stating the following.

Definition 2.4. A mapping η ∈ [0, 1]R is called fuzzy number If

(i) η is normal, i.e. η(r) = 1 for some r ∈ R,
(ii) η is convex, i.e. η(λr1 + (1− λ)r2) ≥ min{η(r1), η(r2)} for all r1, r2 ∈ R and λ ∈ [0, 1]

(iii) η is semi-continuous, i.e. for every λ ∈ [0, 1], the set {x ∈ R : η(x) ≥ λ} is closed.

(iv) cl([η]0) = cl({x ∈ R : η(x) > 0}) is compact, where cl(A) is the closure of A ∈ R.
The set of all fuzzy numbers is denoted by E1.

Definition 2.5. (Fuzzy Henstock integral). A fuzzy function f : [a, b] → E1 is sequential fuzzy Henstock integrable
to α ∈ E1 on [a, b] if for any ε > 0 there exists a sequence of gauge function {δn(x)}∞n=1 such that

d(
n∈N∑
i=1

F (tin)(uin − u(i−1)n), α) < ε,

whenever P = {(u(i−1)n , uin), tin} δ(x) − fine tagged partitions of [a, b] and α = (FH)
∫ b

a
f . The set of all fuzzy

Henstock integrable fuzzy functions defined on [a, b] is denoted by FH[a, b]

Definition 2.6. [13] A function f : [a, b] → R is sequential Henstock integrable if there exists a number α ∈ R such
that for any ε > 0 there exists a sequence of positive gauge functions {δn(x)}∞n=1 such that

|
mn∈N∑
i=1

f(tin)(uin − u(i−1)n)− α| < ε,

whenever Pn = {(u(i−1)n , uin), tin}
mn
i=1 is a δn(x)−fine tagged partition on [a, b]. We say that α is sequential Henstock

integral of f on [a, b] i.e α = (SH)
∫ b

a
f . We use SH[a, b] to denote the set of all sequential Henstock integrable functions

on [a, b].

Remark 2.7. If δn = δ for all n ∈ N in Definition 2.3, we have our definition for the Henstock integral [10].

The sequential Henstock integral, a theory developed by Paxton [13] is a sequential approach of defining and
proving theorems on Henstock-type integral, in which both had been shown to be equivalent. Moreso, it has the
potential of expanding the overall theory of Henstock integration into more abstract mathematical settings which in
turn may lead to further applications of the Henstock integral. Hence we define newly the following:
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Definition 2.8. (Fuzzy sequential Henstock integral) A fuzzy function f : [a, b] → E1 is fuzzy sequential Henstock
integrable to α ∈ E1 on [a, b] if for any ε > 0 there exists a sequence of gauge function {δn(x)}∞n=1 such that

d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), α) < ε,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x) − fine tagged partitions of [a, b] and α = (SFH)
∫ b

a
f . The set of all

fuzzy sequential Henstock integrable functions defined on [a, b] is denoted by SFH[a, b].

We state the following useful lemma proved in Goetschel and Voxman [3].

Lemma 2.9. Let f1, f2 ∈ R[a,b] be two mapping sending each λ ∈ [0, 1] to f1(λ) = fλ
1 and f2(λ) = fλ

2 respectively
with the properties:

(i) f1 is a bounded increasing function,

(ii) f2 is a bounded decreasing function,

(iii) f1(1) ≤ f2(1) and

(iii) f1 and f2 are both left continuous on [0, 1] and right continuous at 0. Then there exists a unique fuzzy number
α ∈ E1 such that |α|λ = [fλ

1 , f
λ
2 ] for each λ ∈ [0, 1].

Let Ω = {a = [a, ā] : a, ā ∈ R, a ≤ ā} be the family of all bounded closed intervals. Let a, b ∈ Ω we define

(i) a = b iff a = b, ā = b̄,

(ii) a ≤ b iff a ≤ b, ā ≤ b̄,

(iii) a+ b = [a, ā] + [b, b̄] = [a + b, ā+ b̄],

(iv) a.b = {st : s ∈ a, t ∈ b},
(v) a.b = min{a.b, a.b̄, ā.b, ā.b̄},
(vi) ā.b = max{a.b, a.b̄, ā.b, ā.b̄}.
Here we observe that ′′ ≤′′ is a partial order in Ω and the mapping ρ : Ω × Ω → R defined by ρ(a, b) =

max{|a − b|, |ā − b̄|} for all a, b ∈ Ω is a metric(called Hausdorff metric) on Ω. Now, it is easy to verify that the
mapping ρ̄ : E1 × E1 → R defined by ρ̄(α, β) = sup{ρ([α]λ, [β]λ) : λ ∈ [0, 1]} for all α, β ∈ E1 is a metric on E1.

Definition 2.10. [13] A fuzzy number α0 ∈ E1 is called the least upper bound (or supremum) of A ∈ E1 if

(i) α ≤ α0 for all α ∈ A (i.e. α is an upper bound of A),

(ii) for any ε > 0 there exists at least one β ∈ A such that α0 < β + ε. We write α = supA.

Similarly, the greatest lower bound(or infinum) of A ∈ E1 if α ≥ α0 for all α ∈ A (i.e. α is an lower bound of A)
and is denoted by inf A . Then A sequence {αn}, αn ∈ E1 is said to be monotonically increasing (resp. monotonically
decreasing), if of gauge function {δn(x)}∞n=1 such that αn ≤ αn+1 (resp. αn+1 ≤ αn) for all n ∈ N.

The following simple but important theorem was proved by Guang-Quan [6].

Theorem 2.11. Every monotonically increasing (resp. monotonically decreasing) sequence. {fn}, f ∈ E1 on [a, b]
with an upper bound (resp. lower bound) converges to sup{αn : n ∈ N}, (resp. inf{αn : n ∈ N} ) in the metric space
(E1, d) on [a, b].

3 Convergence Theorems

Let {fn} be a sequence of fuzzy sequential Henstock integral function in E1 on [a, b] that fuzzy converges to the
fuzzy function f ∈ E1 on [a, b] in the metric space (E1, d). It is quite natural to expect that f ∈ SFH[a, b] and

(H)

∫ b

a

f = lim(H)

∫ b

a

fn.

But [18, Example 3.1] shows that this is not true in general.
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Definition 3.1. A sequence {fn} in E1 on [a, b] is said to fuzzy uniformly converge to f ∈ E1 on [a, b] if for each
ε > 0 there exists ni0 ∈ N such that d(fn(x), f(x)) < ε,, for all n ≥ ni0 and for all x ∈ [a, b].

Definition 3.2. A sequence {fn} of fuzzy sequential Henstock integrable function in E1 on [a, b] is called fuzzy
uniform Henstock integrable on [a, b] if for each ε > 0 there exists {δn(x)}∞n=1 such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn) < ε,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x)− fine tagged partitions of [a, b]. for all n ≥ N.

Theorem 3.3. (Fuzzy Sequential Uniform Convergence) Let {fn} be a sequence of fuzzy sequential Henstock inte-
grable functions E1 on [a, b] that fuzzy uniformly converges to the fuzzy function f ∈ E1 on [a, b]. Then

(i) f is Henstock integrable on [a, b],

(ii) (SH)
∫ b

a
f = lim(SH)

∫ b

a
fn.

Proof . Firstly, we prove that (SH)
∫ b

a
fn. is a Cauchy sequential in (E1, d). Let ε > 0 Since for each ni0 ∈ N there

exists a sequence of gauge function {δn(x)}∞n=1 such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

f) <
ε

2
,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x)− fine tagged partitions of [a, b]. Again, since {fn} in E1 on [a, b] fuzzy
sequential uniformly converges to {f} in E1 on [a, b], there exists a ni0 ∈ N such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

f) <
ε

3(b− a)
,

for all n ≥ ni0 and for all i = 1, 2, . . .. So, for all n,m ≥ ni0 , taking arbitrary sequence of partition Pn =
{(u(i−1)n , uin), tin} simultaneously δn(x) and δm(x)-fine, we

d((SH)

∫ b

a

fn, (SH)

∫ b

a

fm) ≤ d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), α)

≤ d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn)

+d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

n∈N∑
i=1

fm(tin)(uin − u(i−1)n))

+d(

mn∈N∑
i=1

fm(tin)(uin − u(i−1)n), (SH)

∫ b

a

fm)

≤ ε

3
+

n∈N∑
i=1

d((fn(tin), fm(tin))(uin − u(i−1)n) +
ε

3

<
ε

3
+

ε

3(b− a)
(b− a) +

ε

3
= ε.

Thus {(SH)
∫ b

a
fn} is Cauchy in the complete metric space (E1, d). Therefore {(SH)

∫ b

a
fn} converges metric space

(E1, d). Since by [18, Theorem 2.3], (E1, d) is complete, (SH)
∫ b

a
fn converges in the metric space (E1, d). Suppose

lim(SH)

∫ b

a

fn = α.
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Hence (SH)
∫ b

a
f = α. Let ε > 0 be given. By the condition of the theorem there exists a ni0 ∈ N such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

f) <
ε

3(b− a)
,

for all n ≥ ni0 and for all x ∈ [a, b]. Now for any sequence of tagged partition Pn of [a, b] and n ≥ ni0 , by Theorem
2.3, we get

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

f(tin)(uin − u(i−1)n)) ≤
mn∈N∑
i=1

(uin − u(i−1)n)d(fn(tin), f(tin))

≤ (b− a)

mn∈N∑
i=1

d(fn(tin), f(tin))

<
ε

3
.

Since lim(SH)
∫ b

a
fn = α, there exists a m(≥ ni0) ∈ N such that d((SH)

∫ b

a
fm, α) <

ε

3
. Since lim(SH)

∫ b

a
fn = α,

there exists a {δn(x)}∞n=1 such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

f) <
ε

3
,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x)− fine tagged partitions of [a, b]. Thus

d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), α) ≤ d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n))

+d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn) + d((SH)

∫ b

a

fn, α)

< ε,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x)−fine tagged partitions of [a, b]. Hence (SH)
∫ b

a
f exists and (SH)

∫ b

a
f =

α. □

Theorem 3.4. (Convergence theorem for fuzzy uniform sequential Henstock integrable function) Let {fn} be a se-
quence of sequential fuzzy uniform Henstock integrable functions E1 on [a, b] and f ∈ E1 on [a, b] be such for each
x ∈ [a, b], {fn(x)} converges to f(x) in the metric space (E1, d) on [a, b]. Then

(i) f is sequential Henstock integrable on [a, b],

(ii) (SH)
∫ b

a
f = lim(SH)

∫ b

a
fn.

Proof . Let ε > 0, since {fn} is fuzzy uniform sequential Henstock integrable sequence on [a, b] there exists a sequence
of gauge function {δn(x)}∞n=1 such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn) <
ε

2
,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x)−fine tagged partitions of [a, b] for all n ∈ N. Again by above condition,
there exists n ∈ ni0 ∈ N such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fm(tin)(uin − u(i−1)n)) <
ε

3(b− a)
,
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for all n,m ≥ ni0 and so

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fm(tin)(uin − u(i−1)n)) ≤ d(

mn∈N∑
i=1

fn(tin), fm(tin))(uin − u(i−1)n))

≤ (b− a)d(

mn∈N∑
i=1

fn(tin), fm(tin))

<
ε

3

for all n,m ≥ ni0 . Then

d((SH)

∫ b

a

fn, (SH)

∫ b

a

fm) ≤ d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn)

+d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fm(tin)(uin − u(i−1)n))

+d(

mn∈N∑
i=1

fm(tin)(uin − u(i−1)n), (SH)

∫ b

a

fm)

<
ε

3
+

ε

3(b− a)
(b− a) +

ε

3
= ε,

for all n,m ≥ ni0 . So {(SH)
∫ b

a
fn} is Cauchy in the complete metric space (E1, d). Therefore {(SH)

∫ b

a
fn} converges

metric space (E1, d). Suppose lim(SH)
∫ b

a
fn = α. Hence (SH)

∫ b

a
f = α. Let ε > 0 be given. Since {fn} is a fuzzy

uniformly sequential Henstock integrable sequence on [a, b], there exists a sequence {δn(x)}∞n=1 such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

f) <
ε

3
,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x) − fine tagged partitions of [a, b] is satisfied for all n ∈ N. Since

lim(SH)
∫ b

a
fn = α., there exists a ni1 ∈ N such that d((SH)

∫ b

a
fn, α) <

ε

3
, for all ni ∈ N. Again by the given

condition of the theorem, there exists ni ∈ N. such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

f(tin)(uin − u(i−1)n))

≤ (b− a)d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), f(tin)(uin − u(i−1)n)) <
ε

3
.

Thus,

d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), α) ≤ d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n))

+d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn) + d((SH)

∫ b

a

fn, α)

< ε,

whenever Pn = {(u(i−1)n , uin), tin} is a δn(x)−fine tagged partitions of [a, b]. Hence (SH)
∫ b

a
f exists and (SH)

∫ b

a
f =

α.□

The following fuzzy sequential Sak-Henstock lemma is simple but useful in proving the convergence theorem.
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Lemma 3.5. Let f : [a, b] → E1 be a sequential fuzzy Henstock integrable function in E1 on [a, b], let

ϕ(x) = (SH)

∫ b

a

f.

for all x ∈ [a, b] and let ε > 0. Suppose that {δn(x)}∞n=1 is a sequence of positive real-valued function such that

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

ϕ(tin)(uin − u(i−1)n)) < ε,

for every δn(x) − fine division of [a, b]. If {(u′

(i−1)n
u

′

in
), t

′

in
}mn
i=1 = {(t′in , [a

′

in
, b

′

in
]) : i = 1, 2, ..., k} is a δn(x) − fine

subdivision of [a, b], then

d(

mn∈N∑
i=1

fn(t
′

in)(u
′

in − u
′

(i−1)n
),

mn∈N∑
i=1

ϕ(t
′

in)(u
′

in − u
′

(i−1)n
)) ≤ ε.

Definition 3.6. A sequence {fn},fn ∈ E1 on [a, b] is called fuzzy sequential increasing(resp. fuzzy sequential de-
creasing) in [a, b] if fn(x) ≤ fn+1(x) (resp. fn+1(x) ≤ fn(x)) for all x ∈ [a, b] and k ∈ N. A sequence {fn} is called
fuzzy monotone on [a, b] if it is either fuzzy increasing or fuzzy decreasing in [a, b].

Theorem 3.7. (Fuzzy sequential monotone convergence theorem) Let {fn} be a fuzzy sequential monotone sequence
of fuzzy sequential Henstock integrable functions E1 on [a, b] and f ∈ E1 on [a, b] be such for each x ∈ [a, b], {fn(x)}
converges to f(x) in the metric space (E1, d) on [a, b]. Then

(i) f is sequential Henstock integrable on [a, b],

(ii) (SH)
∫ b

a
f = lim(SH)

∫ b

a
fn.

Proof . Let {fn} be a fuzzy sequential increasing sequence of fuzzy sequential Henstock integrable functions E1 on

[a, b], then (SH)
∫ b

a
fn is bounded and fuzzy increasing. Then by Theorem 2.11, (SH)

∫ b

a
fn must fuzzy converges to

α = sup(SH)
∫ b

a
fn. Let ε > 0, then we choose r ∈ N such that

1

2r−2
<

ε

3
and d((SH)

∫ b

a
fn, α) <

ε

3
. Again since

{fn} is a sequence of fuzzy sequential Henstock integrable function on [a, b], for each n ∈ N there exists a sequence of
{δn(x)}∞n=1 such that every δn(x)− fine tagged partitions Pn = {(u(i−1)n , uin), tin} of [a, b] satisfies

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn) <
1

2n
.

Again, for each t ∈ [a, b], we can select a nt(≥ r) ∈ N such that d(fnt
, fn) <

ε

3(b− a)
. Consider the function

δn = δnx
and let Pn = {(u(i−1)n , uin), tin}

mn
i=1 be any δn-fine partitions of [a, b]. Then, we have

d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), α) ≤d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n))

+ d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

(SH)

∫ b

a

fntin
)d(

mn∈N∑
i=1

(SH)

∫ b

a

fn, α).

Now we estimate the three values in the right-handed sum of the last inequality.

(a) Estimation of d(
∑mn∈N

i=1 f(tin)(uin − u(i−1)n),
∑mn∈N

i=1 fntin
(tin)(uin − u(i−1)n)). By [18, Theorem 2.3]:

d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n),

mn∈N∑
i=1

fntin
(tin)(uin − u(i−1)n)) ≤

mn∈N∑
i=1

d((f(tin), fntin
))(uin − u(i−1)n)

<
ε

3(b− a)
(b− a)

=
ε

3
.
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(b) Estimation of d(
∑mn∈N

i=1 fntin
(tin)(uin − u(i−1)n),

∑mn∈N
i=1 (SH)

∫ b

a
fntin

). Suppose that p = max{ntin
: i =

1, 2, ...,m}, then

d(

mn∈N∑
i=1

fntin
(tin)(uin − u(i−1)n),

mn∈N∑
i=1

(SH)

∫ b

a

fntin
)

≤
p∑

i=r

 ∑
i∈{1,2,...,m:ntin

}

d(fntin
(tin)(uin − u(i−1)n), (SH)

∫ b

a

fntin

 .

By applying Lemma 3.5,

∑
{i∈1,2,...,m:ntin

}

d

(
fntin

(tin)(uin − u(i−1)n), (SH)

∫ b

a

fntin

)
<

p∑
i=r

1

2i−1
<

1

2r−2
<

ε

3
.

(c) Estimation of d(
∑mn∈N

i=1 (SH)
∫ b

a
fntin

, α). Here r ≤ ntin
≤ p implies fr(x) ≤ fntin

(x) ≤ fp(x), for all x ∈ [a, b]

and so ∫ b

a

fr(x) ≤
∫ b

a

fntin
(x) ≤

∫ b

a

fp(x).

Hence ∫ b

a

fr(x) ≤
mn∈N∑
i=1

∫ b

a

fntin
(x) ≤

∫ b

a

fp(x) ≤ α.

Thus by [18, Theorem 2.3],

d(

mn∈N∑
i=1

(SH)

∫ b

a

fntin
, α) ≤ d(

∫ b

a

fr, α) <
ε

3
.

Hence

d(

mn∈N∑
i=1

f(tin)(uin − u(i−1)n), α) < ε.

So f is sequential Henstock on [a, b] and (SH)
∫ b

a
f = lim(SH)

∫ b

a
fn. □

The next theorem provides the necessary and sufficient condition such that the pointwise limit f ∈ E1 on [a, b] of
a sequence {fn} of sequential fuzzy Henstock integrable functions is fuzzy sequential Henstock integrable on [a, b] and
the equality

(SH)

∫ b

a

f = lim(SH)

∫ b

a

fn.

holds.

Theorem 3.8. Let {fn} be a sequence of sequential fuzzy Henstock integrable functions in E1 on [a, b] and f ∈ E1

on [a, b] be such for each x ∈ [a, b], {fn(x)} converges to f(x) in the metric space (E1, d) on [a, b]. Then the following
conditions are equivalent:

(i) f is fuzzy Sequential Henstock integrable on [a, b] and

(SH)

∫ b

a

f = lim(SH)

∫ b

a

fn.

(ii) for each ε > 0, there exists m ∈ N such that for each n ≥ m, there exists a sequence of {δn(x)}∞n=1 such that
every δn(x)− fine tagged partitions Pn = {(u(i−1)n , uin), tin} of [a, b] satisfies

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

f(tin)(uin − u(i−1)n)) < ε.
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Proof . (i) ⇒ (ii). Let ε > 0. Since (SH)
∫ b

a
f = lim(SH)

∫ b

a
fn, there exists m ∈ N such that d((SH)

∫ b

a
fn =

(SH)
∫ b

a
f) <

ε

3
, for all n ≥ m. Again since {fn} is a sequence of fuzzy sequential Henstock integrable functions

on [a, b], for each n(≥ m), we can find a sequence of {δn(x)}∞n=1 such that every δn(x) − fine tagged partitions
Pn = {(u(i−1)n , uin), tin} of [a, b] satisfies

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn) <
ε

3
.

Again, since f is a fuzzy sequential Henstock integrable function on [a, b], we can find a sequence of {δ0(x)}∞n=1

such that every δ0(x)− fine tagged partitions Pn = {(u(i−1)0 , ui0), ti0} of [a, b] satisfies

d(

mn∈N∑
i=1

f(ti0)(ui0 − u(i−1)0), (SH)

∫ b

a

f) <
ε

3
.

We take δi(x) defined by the min{δ0(x), δn(x)}. Then

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

f(tin)(uin − u(i−1)n)) ≤d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n), (SH)

∫ b

a

fn)

+ d((SH)

∫ b

a

fn, (SH)

∫ b

a

f)

+ d((SH)

∫ b

a

f,

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n))

<ε

for every δn(x) − fine division of [a, b]. and n ≥ m. (ii) ⇒ (i) Let ε > 0 and (ii) holds. Then we assert that

(SH)
∫ b

a
fn is Cauchy. By (ii), there exists m ∈ N such that for each n, l ≥ m, there exist δn(x), δl(x) such that

(SH)
∫ b

a
f = lim(SH)

∫ b

a
fn, there exists m ∈ N such that d((SH)

∫ b

a
fn, (SH)

∫ b

a
f) <

ε

3
,

d(

mn∈N∑
i=1

fn(tin)(uin − u(i−1)n),

mn∈N∑
i=1

f(tin)(uin − u(i−1)n)) <
ε

4

for every δn(x)− fine partition of [a, b] and

d(

mk∈N∑
i=1

fk(tik)(uik − u(i−1)k),

mk∈N∑
i=1

f(tik)(uil − u(i−1)k)) <
ε

4

for every δk(x) − fine partition Pk = {(u(i−1)k , uik), tik} of [a, b]. Since fn and fk are sequential fuzzy Henstock
integrable function on [a, b], we can find ςn : [a, b] → R+, ςk : [a, b] → R+ ∈ such that

d(

mk∈N∑
i=1

fn(ζin)(uin − u(i−1)n), (SH)

∫ b

a

fn) <
ε

4

for every ςn(x)− fine partition Pn = {(u(i−1)n , uin), ζin}of [a, b] and

d(

mk∈N∑
i=1

fk(ζik)(uik − u(i−1)k), (SH)

∫ b

a

fk) <
ε

4

for every ςk(x)−fine partition Pk = {(u(i−1)k , uik), ζik} of [a, b]. Now define δi by δi(x) = min{δl(x), δk(x), ςn(x), ςk(x)}.
Then for all k, l ≥ m, d((SH)

∫ b

a
fn, (SH)

∫ b

a
fk) < ε and so {(SH)

∫ b

a
fk} is a Cauchy sequence. Completeness of met-

ric space (E1, d) guarantees that lim(SH)
∫ b

a
fn exists in E1. Suppose that lim(SH)

∫ b

a
fn = α. Then we can choose a
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p(≥ m) ∈ N such that d((SH)
∫ b

a
fn, α) <

ε

3
. Also by (ii), there exists δn1

−fine partition Pn1
= {(u(i−1)n1

, uin1
), tin1

}
of [a, b] satisfies

d(

mn1∈N∑
i=1

fp(tin1
)(uin1

− u(i−1)n1
),

mn1∈N∑
i=1

f(tin1
)(uin1

− u(i−1)n1
)) <

ε

3
.

Since fp is a fuzzy sequential Henstock integrable function on [a, b], there exists δn2 − fine partition Pn2 =
{(u(i−1)n2

, uin2
), tin2

} of [a, b] satisfies

d(

mn2
∈N∑

i=1

fp(tin1
)(uin1

− u(i−1)n1
), (SH)

∫ b

a

fp) <
ε

3
.

δn(x) = min{δn1
(x), δn2

(x)}. Then

d(α,

mn∈N∑
i=1

f(tin)(uin − u(i−1)n)) ≤ d(α, (SH)

∫ b

a

fp) + d((SH)

∫ b

a

fp,

mn∈N∑
i=1

fp(tin)(uin − u(i−1)n))

+d(

mn∈N∑
i=1

fp(tin)(uin − u(i−1)n),

mn∈N∑
i=1

f(tin)(uin − u(i−1)n))

< ε.

So f is sequential Henstock integrable on [a, b] and lim(SH)
∫ b

a
fn = α = (SH)

∫ b

a
f. □

4 Example

Let Fn(x) = [
1

n
,

1

n+ 1
], for x ∈ [a, b] then {Fn} tends pointwise on [a, b] to zero function. Furthermore, as∑mn∈N

i=1 Fn(tin)(uin − u(i−1)n = [
1

n
,

1

n+ 1
] for each n ∈ N and sequence partitions Pn of [a, b], we see that

∫ b

a
Fn =

[
1

n
,

1

n+ 1
], for each n ∈ N and the sequence {fn} is interval fuzzy sequential Henstock uniformly integrable on [a,b].

That is Fn converge uniformly to the function at both lower and upper ends.

5 Conclusion

In this paper, we establish the convergence results for fuzzy Sequential Henstock integrable functions: fuzzy se-
quential uniform convergence theorem, convergence theorem for fuzzy sequential uniform Henstock integrable functions
and fuzzy sequential monotone convergence theorem. We also find a necessary and sufficient condition under which
the pointwise limit of a sequence of fuzzy Henstock integrable functions is fuzzy sequential Henstock integrable.
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